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,03�4Q3./ � &'4GF5A /`X HB*TJ9*T]B17*THBW AE4;, 8;:B/ *-?>/=:>3.*-F246J9J9L�+=/2178 /2*9[;/2:>S;46J9HB/@3.AE4Q3�F 8G171./6,0\E8;:E?B,M3.8
37AK/ 1.8 � *9: 37AK/fh#4;FI8G]K*-4Q: W 4Q3.17*T_ 4Q17* ,0*T:B[ NZ1.8GW 3.AB/ ?>/21.*9S;4Q3.*9S#/6,�8QN �� d � ��+ � ����, � � e �� ' d � � + � ����,!� � e � ��?K?>*93.*98G: 4QJ9JTL5�'/64GF5A /6X HK*9J9*T]B17*THBW *-,P/2JTJ9*9\K37*-FP\B1.8QS%*-?%/6? ��d �4e # " d �4e
AE4;,@4(,�*9:B[;J9/ W@*9:B*TWPHBW ��*T37A 17/6,�\ /`FI3M3.8 � � CB8G1�/2JTJ9*9\K37*-F�/6X HK*9J9*T]B17* 4��O3.AB/ 8;37AB/21PNZ8GHK1
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b$(

Vibrating Billiards

3.27843-0.0513537

19.5096

-19.5067

a

P

CY*T[GHB1./ j � ( � < 8;*9:EF2461�)/�,0/`FI37*T8G:�NZ8;1Y3.AB/�F HB3 �  c�,0AB8 ��*T:B[+[;J98;]E4QJEF5AE468#, � �+8G3./5�6AB8 � /2S#/21 �
37AK/217/D4Q1./D,08GW /�*-,�J-4Q: ?B, 86NO*T:>3./2[G1�4Q]B*TJ9*T30L �
FI8;1717/`,0\E8G:E?%*9:B[ 154;?>*9*�'4G,�NZ8G1P:K8G:�
 /2J9JT*9\B3.*-FP/6X#HB*9JT*9]B1.*-4���/6X#HE4637*98;: dQj � "2a�e�*-,P,74637* , UE/6?(NZ8;1
W�HBJ93.*9\BJT/�SG46J9HB/`, 86N � � NZ8;1+3.AB/�[G*TS#/2: /2*9[;/2:E,03�4Q3./ ��� /�/2_K4QW *9:B/6? 4Q: /2_K4QW@\BJT/�8QN ,0H F A 4
,0L%W@W@/=3717L5
 ]B17/64 �>* :B[�NZ8;1+3.AB/DF24G,�/ �� "�*9:^	'AE46\B37/=1 a �

j � a �+HBW@/21.*-F246J �#*TWMHBJ 4Q3.*98G: ,

� /P*9:%S#/6,03.*9[#4637/D37AB/�?>L%:E46W@*-F2,�8QN�/6X#HE4637*98;: d2j � `�e�:%HBW@/21.*-F246J9JTL���AB/=:(3.AB/P\E8G37/=:>3.*-4QJ �
*-, A 4Q17W 8G:B* F d � � k "Ge � � : 3.AB*-,�,�*93.HE4Q3.*98G:Ud 4G,�?>*-,.FIHE,7,�/6?@*9: 	'A 4Q\B3./21 � e �E46J9J�/6X#HB*9JT*9]B1.*-4�4Q1./
/2JTJ9*9\K37*-F �

�:B/PW 42L /2_B46W@*9:K/$37AK/P371546:E,0*T37*T8G:E,+NZ178;W JT8%F24QJ'378 [GJ98;]E4QJ�F5AE4Q8 ,�4Q:E? NZ178;W ,08QNZ3�3.8

AE4615?�F AE468#,O*9:P/`X HE4637*T8G:E, d2j � `�e � �pa`c E� :�4GF=FI8G1�? ��*T37A ����� 37AB/=8G17L � �Nb�a5�"a;k ��" ""k ��" � `���";`5k 
37AK/P:>HBW�]E/21�8QN�:B8G:K17/6,�8G:E46:>3D378G1.*O37A 4Q3�AE42S#/$]E/2/2:^]K178$�#/=:^HB\ ?%/2\E/2:E?B,+8;:(3.AB/P*9:K*937* 4QJ

FI8;:E?>*93.*98;:(86N�4 [G*TS#/2: 37154;i7/6FI378;17L � CR*9[GHK17/_j � " 4Q:E? CY*9[;HB17/6,Wj � (���j � a *TJ9J9H ,0371�4Q3./�,0/2S#/21�4QJ
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 c < 8G*9: F24Q1�)/�,0/6F 37*98;: \B178Gi7/`FI37/6?
*9:%378 37AB/ d � ��+ e�\KJ-4Q:K/ � � AK/@\E4Q1�4QW@/=37/21�S;4QJTHB/6,�*T: /64;F A^UE[GHK17/ 4Q1./ �  #"$� �  #"2c&�
���  � � � a � k*�R` (5k]jGcGa;a�� � �  a � � � ";`��.a (�`;aGc�j�j��	�  k � (�� ���  � � 4Q:E? � �� )" � a � �



b5k

Vibrating Billiards

2.595010.6

11.9882

-11.988

a

P

CR*9[GHK17/Wj � k � < 8;*9:EF2461�)/D,0/`FI37*T8G:@NZ8G1�3.AB/DFIHB3 �
 cP,�AB8 ��*9:B[�[GJT8G]E46JY]KHB3�,086NZ3�F5AE4Q8 , �
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�
d c�e � c��/" � bGk5(Gk�k�b � c�k � , d c�e  c���4Q:E?

� d c�e � 	�c�� `�j�acb�j�j$(5k c � ` � �
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\B1./6,0/21.S#/6? � � AK/@*9:B*T37* 4QJ'154;?>*9HE,$*T: 37AK*-,�\KJ98G3P* , ��d c�e � c��Nk a�" � � ` (�j;a���4Q:E? 3.AB/@*9:K*937* 4QJ

W@8;W@/2:%37HBW * , + d c�e � k*�6"=c�j&"2a�`;c5k]b � CY*T[GHB1./�j � a ,0AB8 ��, 4 \BJ98;3 8QNP3.AB/ �E* 4Q\BHB:K8QS

/2_%\E8G:B/2:%35,EdZHB\M3.8*"2cGc;c�3.*9W@/ ,037/=\E,?eR8QN 37AB/�FI8;1717/`,0\E8G:E?%*9:B[D37154;i7/6FI378;17L � d � AB/�46J9[;8G17*T37ABW
HE,�/6?�3.8�\B178%?%HEFI/�37AK*-,R?B4Q3�4 ��4;, NZ8G1.WMHBJ 4Q3./6?+]%L$��J-4Q: � 8;JVN�46:E?PFI8 
 ��8G1��#/=15, � � " ��"[` � K4Q:E?

��4;,$*9W@\KJ9/2W�/I:%37/`? *9: �^4Q37J 4Q] ]%L �#3./2S#/ � 4Q* ��4QW �#*9H � e CB8G1D/64GF5A(86N�3.AB/ �E* 4Q\BHB:K8QS

/2_%\E8G:B/2:%35,�F=4QJ-F HBJ-4637/6? NZ8;1odQj � `�e �Q3.AB/'*9:B*T37* 4QJ#F 8G:E?>*T37*T8G:E,�46:E?�\E4Q1�4QW@/23./21 S;46J9HB/6,�?%*-,7F HE,7,�/6?
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c�� (�jGk#c � ��c�� cGc&"�(�";j�`&��c�� cGc�"=a�` � k � 	�c�� c;c$(;cGa�"'k ��46:E? 	�c�� (�j (�b � � � : /=_B4;FI3P4617*93.ABW@/23.*-F$�
37AK/$F /2:>3.1546J�37AB1./2/�/2*9[;/2:>S;46J9HB/6,'WMH ,03�46J6� 4`LK, S;4Q:B* ,0A���,08�37AK/2L@L%*9/2J ?@4Q: /6,03.*9W 4637/�8QN'3.AB/
J9/=S#/2JE8QN \B17/6F *-,0*T8G: 8QN 37AK*-,�F246J-FIHBJ 4Q3.*98G: � � AB/�UES#/�
 ?>*9W@/=:E,0*T8G:E46J ?%L>:E46W@*-F=4QJ�,0LK,03./2W dQj � `�e
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d ,�/2/@	'AE46\B37/21*"=a�e � ,08 37AK/MW@* ?B?>JT/�/=*9[G/=:>S;4QJTHB/PW�HE,03�S;4Q:B* ,0A � d ��/6F246J9JO3.AB/P17/=J-4Q3./6? N 4GF 3



b �

Vibrating Billiards

2.464780.8

10.4554

-10.4554

a

P

CY*T[GHB1./Yj � � � < 8G*T:EF2461*)/�,0/`FI37*T8G:PNZ8G1'37AB/�FIHB3
�
 c�,0AB8 ��*T:B[$JT8%F24QJE46:E?@,�8QNZ3�F A 4Q8#, � �+:BJT*6�#/

*9: CY*T[GHB1./(j � k �R37AB/�371�4[i7/6FI3.8G1.L���AB8#,�/ < 8G*T:EF2461*)/ FIHB3�*-,�?>/2\K*-FI3./6? *9: 37AB* ,�\BJ98;3�A 4G,$:B8;3
/2_%\E/217*T/2:EFI/6?�J-4Q1.[G/�/2_KFIHB1�,0*98;:E, 8GHK35,0* ?>/�37AB/�3.154Q\K\B*9:B[�17/=[G*98;: �
37A 4Q3R/64GF5A$/6X#HB*TJ9*9]K17*9HKW \ 8;*9:%3O8QN dQj � `�e�AE4G, 4Q:$/=*9[G/=:>S;4QJTHB/'37AE463'4QJ/��42LK, SG46:B*-,�AB/6, � e���, 3.AB/
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CY*9[;HB17/ j � (-��4;, \K178%?>HEF /6? ��*T37A d ��d c�e ��+ d c�e�e � d c�� � b5k�k�b ($(�j � " � k�k]j5(Gc�b5k]`�aG`�e � � 3
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AE4;,$*9:B*T37*-46J�FI8;:E?>*T37*98;:E,7d �/d c�e ��+ d c�e0e�� d c�� j$(5k�k#a�b�aGb;a � a��Ba;k,"[b�"�acb#c�"Ge � ��AK/217/64;,$CY*T[GHB1./



b�b

Vibrating Billiards

1.9181.2

4.06263

-4.06264

a

P

CY*T[GHB1./(j � b � < 8G*T:EF24Q1�)/@,�/6FI3.*98G:^NZ8G1D37AB/ FIHB3 �
 c ,0AK8���*T:B[ *T:>3./2[G1�4Q]B*TJ9*T30L d 8;1$463$JT/64G,�3

:B/6461�
 *9:%37/2[;1546]B*9JT*93�L/e �
j � � AE4G,�*9:K*937* 4QJOS;46J9HB/6,Wd ��d c�e ��+ d c�e�e  d c��R` � a�e � &O_K4QW@*T:B*9:B[�37AK/6,0/�3 � 8@\BJT8G3�, 3.8G[;/237AB/=1
\B1.8QS%*-?%/6,�4 [;8#8%? \K*-FI3.HB17/�8QN 37AB/D371546:E,0*T37*T8G: NZ1.8GW JT8%F24QJR378�[GJT8G]E46J'F5AE4Q8 ,�� ��AB* F A 8%F2FIHB1�,
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CY*T[GHB1./ j � � *-, �&� � c�� c�" � b5k � ��J937AK8GHB[;A 37AK/2*91��E* 4Q\BHB:K8QS /2_%\E8G:B/=:>3�,+46:E? FI8;:E,0/`X HB/=:>3.J9L
37AK/2*91 ?>/2[G1./2/6,�8QN�*9:E,�354Q]K*9J9*T3�L 4Q17/ 86N�3.AB/ ,746W@/�8G15?%/21P8QN�W 4Q[;:B*93.HE?>/5�R37AB/=*91P4;,7,�8%FI*-4637/6?
< 8;*9:EF2461�)/�,0/6F 37*98;:E,O17/2S#/`4QJEFI8;:>3.154;,037*T:B[�]E/2AE42S>*T8G1 � CY*9[;HB17/6j � k$?%/2\B*-F 35,O[GJT8G]E46J ,�8QNZ3 F AE468#,��
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8QN 37*9W / � d��#HEF5A 371�4Q\B\K*9:B[�17/2[;*98;:E,+4617/D17/2J 4Q37/`?b3.8@,�371.HEFI37HK17/6, �%:B8 ��:^4;, M �����2��&"	 � ��AB* F A
17/ NZ/21 3.8M1./6FI/2:%37JTLP]B178 �#/2: ����� 3.8G17* � �Ra6c�� "$""k $e

� AB/�[;J98G] 4QJ�:E4637HB1./�8QN 37AB/ F AE468G3.*-F�?>L>: 4QW@* F2,O*9: CY*9[;HB17/Ij � kP*T:E?>*-F=4Q37/`, 3.AE4Q3�3.AB/�37154�

i7/6FI3.8G1.LP8QNR*9:%37/=17/6,�3�/=_>AB*T]B*93�,YJ-4617[;/�/2_KFIHB15,�*98;:E, NZ1.8GW 37AK/�371�4Q\B\B*T:B[$1./2[G*T8G: � � L�F 8G:%37154;,03 �
37AK/@371�4[i7/6FI3.8G17L *9: CY*9[;HB17/�j � � AE4;,$:B8G3P/=_>\E/21.*9/2:EF /6?(,�HEF5A 4Q: /2_KFIHB1�,0*98;: *9: 37AB/@3.*9W@/�
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b�a

Vibrating Billiards

2.1880.9

7.22743

-7.22743

a

P

CY*T[GHB1./Yj � a � < 8;*9:EF=4Q1�)/�,�/6FI3.*98G:$NZ8;1'37AB/�FIHK3 �
 c�46J-,�8$,�AB8 ��*9:B[�:B/`4Q1�
 *9:%37/=[G1546]B*9JT*93�L � � AB* ,

371�4[i7/6FI3.8G1.L@*-, :B/`4Q1�4P\ /=17*98%?%*-F�8G1.]B*93�86NOAB*T[GAB/=1�\ /=17*98%? 37AE46: * , 37AB/�8G:K/$*9:bCY*9[;HB17/Wj � b �
F5AE4Q8;37*-F 3.154[i7/`FI378;17L$JT*6�#/�37AE463�*T:�CY*9[;HB17/Yj � kD,0*T[G:B* UE/6,Y3.AB/�\B17/6,�/2:EFI/�8QN J98G:K[�
 37*9W /�FI8;1717/=J-4 

37*T8G:E, � �#HEF5A�FI8G1.17/2J 4Q3.*98G: ,O4Q1./�46]E,0/2:%3O*T:P/217[;8%?>*-F�FI8G:%UE[GHB1�4Q3.*98G: , d ,�HEF5A�4G,O37AE463�?>/2\B* FI37/6?
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Vib Billiard: Quartic Pot
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Adiabatic Hamiltonian, Action-Angle (w/o Langer)
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Adiabatic Hamiltonian, Action-Angle (w/o Langer)
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