Cylindrical coordinates

Cartesian coordinates x, y, z and cylindrical coordinates' r, ¢, z are related by
X =rcosg, y =rsing, z=z D.1)

with the range of variation 0 < r < 00,0 < ¢ < 27, and —o0 < z < oo. The inverse
transformation is

r=+x2+y2, ¢=arctan2, z=z (D.2)

X
The two first equations in both transformations simply define polar coordinates in the xy-
plane, whereas the last, z = z, is included to emphasize that this is a transformation in

three-dimensional space.

D.1 Local basis vectors

The cylindrical basis vectors follow from the geometry (see the margin figure),

é, = E;_x = (cos ¢, sin¢, 0), (D.3a)
r

. 10x .

ey = ;ﬁ = (—sin¢, cos¢,0), (D.3b)

6. = _0.0.1). (D.3c)
0z

They are clearly orthonormal and satisfy &, x é4 - &, = 1.
A Cartesian vector field U may be resolved in this basis

U=2¢U +é4Uy +¢,U,, (D.4)
where
U =U-e,, Up =U - ¢4, U, =U-e,. (D.5)

A tensor field T may similarly be resolved in dyadic products of the local basis vectors.

'Some texts use © instead of ¢ as the conventional name for the polar angle in the plane. Similarly, the radial
variable r is sometimes denoted s to distinguish it from the spherical radial distance.
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D.2 Line, surface and volume elements
The differentials along the local coordinate axes,

drx = eé,.dr, dpx = éprde, d;,x = é,dz, (D.6)
allow us to resolve the Cartesian line, surface and volume elements in the local basis,

dl =dyx +dgx +d;x =é,dr +éprdp +é;dz, (D.7)
dS =dgx xd;x +d;x xdyx +drx xdpx
=é,rdpdz +éydrdz + é;rdedr, (D.8)

dV =dyx xdgx -d,x =rdpdrdz (D.9)

Using these infinitesimals, all integrals can be converted to cylindrical coordinates.

D.3 Resolution of the gradient

The derivatives with respect to the cylindrical coordinates are obtained by differentiation
through the Cartesian coordinates,

0 dx 0
= — . =¢ V = V N
ar ar ox er "
ad ax
— =—-—=71é43-V =rVy.
06 g ax Y "Ye
Nabla may now be resolved on the local basis
V=¢6V,+¢é,Vy+é,V Aa—l-Ala—i-Aa (D.10)
=e e e =eé—+ép——+e;—. .
rvVr ¢ Vo zVz r ar ] ’ 3(]5 z 9z
Finally, we note that the only non-vanishing derivatives of the basis vectors are
de, R déy R
= ey, — = —é,, D.11
a¢ e¢ a¢ er ( )

These are the fundamental tools necessary to convert differential equations from Cartesian to
cylindrical coordinates.
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D.4 First order expressions

Here follows a list of various combinations of a single nabla and various fields. In writing
out the results we refrain from using the nabla projections, V, etc, but express everything in
conventional partial derivatives, d/0dr etc.

The three basic first order expressions are the gradient, divergence and curl,

vs =¢85 14,195 ;95 (D.12)
o 5 dp  “oz’ '
U, 10U, w, U
V.U = il 4 i (D.13)

ar r 9¢ 0z r’

N 10U, 0dUy i U, U, i Uy 10U, N Uy
=e, [ - - — e — e; | ——- —].
r d0¢ 0z ¢\ oz ar ar r d¢ r
(D.14)

The tensor gradient is used in solid and fluid mechanics to calculate the stress tensor. In dyadic
notation (see appendix B), we have

A 0U 0, . . 0U.
VU = erera—rr +e,e¢a—r¢ —i—e,eza—rz
. . (10U, U .~ . (10U U, . . 10U;
+eolr (r ap 1 )+e¢e¢ (r ¢ + r +e¢ezr ¢
46,620 4 5.6,008 ;g U (D.15)
€y +ézg— =+ s, .

The dot product with a vector V' from the left becomes,

R U,  Vu aU, U,  VuUs
VU = —_r, e —
V-VU =¢ (Vr ar * r 0¢ + Ve 0z r
R AUy  Vy dUy Uy  VuU,
v, 4 277 Ly
—|—e¢( ar + r d¢ Y 0z + r
N oU;  Vu oU, U,
z r - Vz_ D.1
+e (V P + " 9 + Bz) (D.16)

It is used for calculating the advective terms in equations of motion.
Finally, the divergence of a full-fledged tensor field becomes (also in dyadic notation)

V.-T =e,
¢ (ar r d0¢ 0z r r

) (aT,¢ 10Tss 3T Tro &)

Ty | 10Tgr | OTr | Tor M)

+e¢

ar r d¢ 0z r r

Lo (T 10Tee T | T
¢z ar r ¢ 0z r

(D.17)

This may be used in formulating the equations of motion for continuum physics, although it
is normally not necessary.
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D.5 Second order expressions

Expressions involving two nabla factors also turn up everywhere in continuum physics. They
can of course be derived by combinations of first order expressions, but it is nevertheless
useful to list them separately.

The Laplacian of a scalar field is calculated from the divergence of the gradient, V2S =
V - (VS), and becomes after the dust has settled,

vig L S 1PS @S 1iS

—_——t — 4+ ——. D.18
orz2  r20¢% 0z ror ( )

The Laplacian can also be applied to a vector field, and may be obtained from the divergence
of the gradient of the vector field, V2S = V - (VU). It is somewhat more complicated,

et Yo i TR 2
iy 32U, L 3PU,  3%U, N 10U, 29U, U
e — —_—— —
¢\ o2 r2 0¢? 0z2 r or r2 d¢ r2

v A(BZU, 192U, 82U, 13U, 23U U,)
:er

P 02U, 1 9’U, 9°U, 10U, (D.19)
\arz o r2 992 9z2  r Or '
Another second order expression is the gradient of a divergence,
2 1 2 2 1 1
V(V-U)=é, 0°Ur 197Uy 07U 10U, 10Uy Ur
or2  rord¢ drdz r or r% d¢p  r2
P 182Ur+ 182U¢+182Uz+ 1 dU,
e — — — — —
*\r dpor  r2 0¢%  rdgdz  r2 d¢
02U, 10°U, 9*U, 109U,
¢, - - D.2
e (823r+r828¢+ dz2 +r 82) (D.20)

In practice we do not need more complex expressions than these.
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