Spherical coordinates

Cartesian coordinates x, y, z and spherical (or polar) coordinates r, 8 and ¢ are related by

z =rcos0, (E.1)

X = rsin6 cos ¢, y =rsinfsing,

The domain of variation is 0 < r < 00,0 < 0 < wand 0 < ¢ < 2m. The inverse

transformation is,

z y
¢ = arctan — (E.2)
X

r=x2+y2 422, 0 = arccos —————,
x2 4+ y2 + 22
er
¢y
y

z
The choice of the z-axis as polar axis and the symbols for the angles are nearly universal. ‘
E.1 Curvilinear basis m

The normalized tangent vectors along the directions of the spherical coordinate are,

¢ B_x = (sin 6 cos ¢, sin O sin ¢, cos 6), (E.3a)

e, =
R 1 0x . . . . .
g = —— = (cosf cos ¢, cos b singp, —sin ), (E.3b)  Spherical coordinates and their
rd¢ basis vectors.
iy = —— % (—sing,c0s9.0) (E30)
ey = — = (—sin¢, cos ¢, 0). 3c
7~ rsind d¢
They are orthogonal, such that an arbitrary vector field may be resolved in these directions,
U=2¢U +¢éyUy+¢é4Uy (E4)
with spherical components
Ug=¢éy-U, U¢=é¢-U (E.5)

Uy =é, U,

A tensor field T may similarly be resolved in dyadic products of the local basis vectors.
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E.2 Line, surface, and volume element

The differentials along the local coordinate axes,

allow us to resolve the Cartesian line, surface and volume elements in the local basis,

Using these infinitesimals, all integrals can be converted to spherical coordinates.

dox = égrd0, dpx = égrrsinde,

dt =d,x +dox +dpx = é,dr + égrdf + é4rsinfde,
dS =dgx xdyx +dypx x dyx + drx X dgx
= ¢, r*sin0 dO dp + éqr sin 0dpdr + é4 rdrdo,

dV =d,x xdgx -dgx = r? sin@ drdfd¢.

E.3 Resolution of the gradient

(E.6)

(E.7)

(E.8)

(E.9)

The derivatives with respect to the spherical coordinates are obtained by differentiation through
the Cartesian coordinates

0 ox 0

= . _ =¢,-V=V

or ar ox ér "

0 ox

L V=V =V

6~ 90 ree T
i:a_x.vzrsineé¢-V=rsin9V¢.
dp ¢

This allows us to resolve the nabla operator in the curvilinear basis

0 10 1 0
V=6V +6,Vy+6,Vs =6, — + 65— — -7
erVr+eoVo +egVe er8r+eer89+e¢rsin98¢

A

Finally, the non-vanishing derivatives of the basis vectors are

0é,
a0
dég

k3

. 0ég .
= ég, Y = —ér,
. 0é . de PN N
= cos fégy, 4 =sinf éy, a—;:—smeer—cos@eg.

(E.10)

(E.11a)

(E.11b)

These are all the relations necessary to convert differential equations from Cartesian to spher-
ical coordinates.
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E.4 First order expressions

Here follows a list of various combinations of a single nabla and various fields. In writing
out the results we refrain from using the nabla projections, V, etc, but express everything in

conventional partial derivatives, d/0dr etc.

The three basic first order expressions are the gradient, divergence and curl,

Vs o + Los +é 05 (E.12)
=e bg—— +é,————, .
"or T 90 T T rsing 0
U, 13Uy 19Uy 20U, Uy
V-U= , E.13
ar r 30 ' rsinf a¢p r rtan 0 ( )
10Uy 19Uy Uy
VxU = - -
* er( rsinf 8¢> +rtan9
iy U, Uy Uy
o rsm9 da¢ ar r
" 3U9 19U, | Up E14)
e — .
¢ roo v
The tensor gradient becomes
U, U Uy
VU = é,6,— + é,6g—2 + é,69—>
r or ar
oo (LU Us L, 18U9+U, +M13U
épe, | — -— é — e
oor\vae ) Tt ae ) Tt g
. 1 U, Uy A Uy Uy
+eoer (rsin9 a¢p o )+e¢e9 (rsin@ ¢  rtan@
té4é L s U | U (E.15)
99\ rsind 9¢ | rtan6 ' 1 ) '
Dotting from the left with U we get
(AU, VedU.  Vy U, VeUs VuU,
V.-V)U = -e —r 1070
( W =eé (Vr ar + r a6 + rsinf d¢ r r
y, Vs dUg  Vp dUp Vo dUsg  VaU, VyUy
" or r 96 rsinf d¢ r rtan 0
. Wy  VodUy Vg Uy  VeUr | VyUs
Vi— —_— E.16
+e¢( " or r 00 ' rsinf 0¢ r rtan 6 (E.16)
Finally, the left divergence of a tensor field becomes,
V.T = ér 8Trr laTGr 1 8Tq)r + 2Ty Ty, _ E _ M
ar r a6 rsinf 0d¢ r rtan 6 r r
o (T 1 0Tas L 0Ty 2T, Tor . Too _ Tas
“\ or r a6 rsinf d¢ r r rtanf  rtanf
n 8Tr¢ 1 8T9¢ 1 3T¢¢ ZTr¢ T¢r T9¢ T¢9
+e¢( ar +r a0 +rsin9 ¢ + r r +rtan(? r tan 6
(E.17)

This may be used in formulating the equations of motion for continuum physics, although it

is normally not necessary.
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E.5 Second order expressions
The Laplacian of a scalar field becomes

RN

1 %S 1 9*S 24S 1 aS
vs=°2°2, %>, 72,0, - % E.18
ar2  r2090%  25in20 0¢2  r dr  r2tand 30 (E.18)
The Laplacian of a vector field becomes
92U, 1 02U, 1 02U,
VU =é, —
ar2  r2 902 r2sin®@ d¢?
+2 oU, cotf oU, 2 Uy 2 9Us 2U; 2Uy
r or r2 90 r%2 900  r2sinf 0¢ r2  r2tanf
_(%Uy 1 92U, 12U
+ €9 5 ) 2
0r2 r2 962 r2sin?9 ¢
+2 aUy n cotf aUy 2 aU, 2cos @ AUy Uy
r or rz 00 r2 90  r2sin?0 3¢  r2sin?6
. (PU, 1 0%U, 1 92U,
+éy ) ) 2
arz  r2 962  r25in%?6 9¢
+2 Uy + cotf dUy 2cosf 0Uy 29U, Uy
roor r2 96 r2¢in? @ 0¢  r2sinf 3¢  r2sin?60 )
(E.19)
Finally, the gradient of the divergence
02U, 103%Uy 1 92U,
V(V-U) =eé, -
( )=¢ (8r2 +r8r80+rsin08r8¢
20U, cotf dUy 1 0Uy 1 8U¢ 2U, Ug
r or roor r2 00 rZ%sinf 0¢ r2  r2tané
s 1 02U, L 92U, L] 92U,
O\ 900r T 129602 T r2sin6 909¢
n 2 U, cotf dUy cosf dUy Uy
rZz 00 rz 00 r2sin?@ d¢  r2sin® 0
) 1 02U, 1 02U, 1 02U,
+ €y N + . )
rsinf 0¢gor  r2sinf 000  r2sin®> O 02
2 ¥
> 0Ur | _cosO 9l (E.20)
r2sinf 3¢  r2sin’6 3¢
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