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Notes on Quantum Field Theory Mark Srednicki

54: Maxwell’s Equations

Prerequisite: 3

The photon is the quintessential spin-one particle. The phenomenon of
emission and absorbtion of photons by matter is a critical topic in many areas
of physics, and so that is the context in which most physicists first encounter
a serious treatment of photons. We will use a brief review of this subject
(in this section and the next) as our entry point into the theory of quantum
electrodynamics.

Let us begin with classical electrodynamics. Maxwell’s equations are

VE = 5, (1)
VxB-E = J, (2)
VXxE+B = 0, (3)

V-B = 0, (4)

where E is the electric field, B is the magnetic field, p is the charge den-
sity, and J is the current density. We have written Maxwell’s equations in
Heaviside-Lorentz units, and also set ¢ = 1. In these units, the magnitude of
the force between two charges of magnitude Q is Q?/4wr?.

Maxwell’s equations must be supplemented by formulae that give us the
dynamics of the charges and currents (such as the Lorentz force law for
point particles). For now, however, we will treat the charges and currents as
specified sources, and focus on the dynamics of the electromagnetic fields.

The last two of Maxwell’s equations, the ones with no sources on the
right-hand side, can be solved by writing the E and B fields in terms of a



scalar potential ¢ and a vector potential A,
E = ~Vo-A, (5)
B = VxA. (6)

Thus, the potentials uniquely determine the fields, but the fields do not
uniquely determine the potentials. Given a particular ¢ and A that result in
a particular E and B, we will get the same E and B from any other potentials
¢ and A’ that are related by

¢ = p+T, (7)
A = A-VI, (8)

where I' is an arbitrary function of spacetime. A change of potentials that
does not change the fields is called a gauge transformation. The fields are
gauge invariant.

All this becomes more compact and elegant in a relativistic notation.
Define the four-vector potential

At = (o, A) ; (9)
At is also called the gauge field. We also define the field strength
FH = gFAY — OVAF . (10)

Obviously, F is antisymmetric: F* = —F"". Comparing egs. (5), (9), and
(10), we see that
FY%=F". (11)

Comparing egs. (6), (9), and (10), we see that
Fii = ikp, (12)
The first two of Maxwell’s equations can now be written as

o, F" = Jv (13)



where
Jt=(p,J) (14)

is the charge-current density four-vector. If we take the four-divergence of
eq. (13), we get 0,0, F'* = 0,,J". The left-hand side of this equation vanishes,
because 9,0, is symmetric on exchange of ;1 and v, while F*¥ is antisymmet-
ric. We conclude that we must have

0, J" =0; (15)

that is, the electromagnetic current must be conserved.
The last two of Maxwell’s equations can be written as

€ PP =0 . (16)

Plugging in eq. (10), we see that eq. (16) is automatically satisfied, since the
antisymmetric combination of two derivatives vanishes.
Egs. (7) and (8) can be combined into

At = AF — 9T . (17)
Setting F'* = QFA™ — 9YA'* and using eq. (17), we get
v = i (9 — Y 9T | (18)

The last term vanishes because derivatives commute; thus the field strength
is gauge invariant,
F'w = pm (19)

Next we will find an action that results in Maxwell’s equations as the
equations of motion. We will treat the current as an external source. The
action we seek should be Lorentz invariant, gauge invariant, parity and time-
reversal invariant, and no more than second order in derivatives. The only
candidate is S = [ d% L, where

L=—XF"F, +J'A, . (20)



The first term is obviously gauge invariant, because F* is. After a gauge
transformation, eq. (17), the second term becomes JVA;,, and the difference
is

JHA, - A) = —J"9,T
= —(0,J")' = 0,(J'T) . (21)
The first term in eq. (21) vanishes because the current is conserved. The
second term is a total divergence, and its integral over d'r vanishes (assum-
ing suitable boundary conditions at infinity). Thus the action specified by
eq. (20) is gauge invariant.
Setting F'* = OtAY — 9¥A* and multiplying out the terms, eq. (20) be-
comes
L = —10rAY9,A, + 10rAY0, A, + JA, (22)
= +%Au(g“”82 —0"0")A, + JFA, — 0K, , (23)
where K, = A”(0,A, — 0,A,). The last term is a total divergence, and can

be dropped. From eq. (23), we can see that varying A* while requiring S to
be unchanged yields the equation of motion

(g™ 0% — 0"0")A, + J" = 0. (24)

Noting that 9,F* = 9,(0*AY — OVA*) = (O*0” — g"0*)A,, we see that
eq. (24) is equivalent to eq. (13).
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55: Electrodynamics in Coulomb Gauge

Prerequisite: 54

Next we would like to construct the hamiltonian, and quantize the elec-
tromagnetic field.

There is an immediate difficulty, caused by the gauge invariance: we have
too many degrees of freedom. This problem manifests itself in several ways.
For example, the lagrangian

L = _iFWFMV‘FJMAu (25>
= _10PAY0,A, + 10"AY0,A, + JMA, (26)

does not contain the time derivative of A°. Thus, this field has no canonically
conjugate momentum and no dynamics.

Dealing with this complication generally requires a large amount of new
formalism. In this section, we will instead proceed heuristically, with the
goal of reaching a physically relevant answer as quickly as possible. We will
revisit this issue when we take up path-integral quantization, where it is more
easily resolved.

We begin by eliminating the gauge freedom. We do this by choosing a
gauge. We choose a gauge by imposing a gauge condition. This is a condition
which we require A*(z) to satisfy. The idea is that there should be only one
AM(x) that results in a given F*(z) and also satisfies the gauge condition.

One possible class of gauge conditions is n*4,(x) = 0, where n* is a
constant four-vector. If n is spacelike (n? > 0), then we have chosen azial
gauge; if n is lightlike, (n? = 0), it is lightcone gauge; and if n is timelike,
(n? < 0), it is temporal gauge.

Another gauge is Lorentz gauge, where the condition is 9*4, = 0. We
will meet a family of closely related gauges in section 77.
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In this section, we will pick Coulomb gauge, also known as radiation gauge
or transverse gauge. The condition for Coulomb gauge is

V-A(z)=0. (27)

Let us write out the lagrangian in terms of the scalar and vector poten-
tials, ¢ = A% and A;. Starting from eq. (26), we get

+5VipVip — po. (28)

In the second line of eq. (28), the V; in each term can be integrated by parts;
in the first term, we will then get a factor of V;(V;4;), and in the second
term, we will get a factor of V;A;. Both of these vanish by virtue of the gauge
condition V;A; = 0, and so both of these terms can simply be dropped.

If we now vary ¢ (and require S = [ d* L to be stationary), we find that
@ obeys Poisson’s equation,

—Vip=p. (29)
The solution is (5.0
PLY,
1) = / dy L0 30
p(x,1) Y Trix—y] (30)

This solution is unique if we impose the boundary conditions that ¢ and p
both vanish at spatial infinity.

Eq. (30) tells us that ¢(x, t) is given entirely in terms of the charge density
at the same time, and so has no dynamics of its own. It is therefore legitimate
to plug eq. (30) back into the lagrangian. After an integration by parts to
turn V;oV;p into —pV2p = ¢p, the result is

L= %AZAZ o %VJAZVJAZ + ']ZAZ + Ecoul s (31)
where . .80y, 1
3, P\X,T1)p\Y,
=5 [ &y = 32
Eeou 2 @y 47T|X—y| ( )



We can now vary A;, and find that each compenent obeys the massless Klein-
Gordon equation, with J; as a source,

For a free field (J; = 0), the general solution is

- [ dk [e30)ax (k)¢ + ex(k)al (k) ], (34)

where k° = w = [k|, dk = d*:/(27)32w, and € (k) and e_(k) are polarization
vectors. We choose them so that the helicity of the photon state al, (k)|0) is
+1; that is, so that

k-Jal (k)]0) = +dl, (k) 0) , (35)

where J is the angular momentum operator. For k in the z direction, k =
(07 07 k)’

e (k) = J5(1,-4,0),
e-(k) = L(1,+,0), (36)

.

up to overall phase factors that are physically irrelevant. More generally, the
two polarization vectors along with the unit vector in the k direction form
an orthonormal and complete set,

k-E)\(k) = 0, (37)
ev(k)-ex(k) = dvn, (38)

(39)

The coefficients ay (k) and al (k) will become operators after quantization,
which is why we have used the dagger symbol for their conjugation.

In complete analogy with the procedure used for a scalar field in section
3, we can invert eq. (34) and its time derivative to get

ar(k) = +iey(k)- / & e~ 9y A(x) (40)

al(k) = —iei(k /d e 5y A) | (41)



where f0,9 = f(0u9) — (Ouf)g-
Now we can proceed to the hamiltonian formalism. First, we compute
the canonically conjugate momentum to A;,

I, = gfli = 4 . (42)
The hamiltonian density is then
H = ILA —L
= 3ILIL + VAV A — JiAi + Heow (43)
where Heow = —Leoul-

To quantize the field, we should apparently impose the canonical com-
mutation relations

[Ai(x, 1), IL(y, 1)) = i0;;0° (x — y) - (44)

This, however, is inconsistent with the gauge condition, since acting on the
left-hand side with V,; (and summing over i) should give zero, while the
right-hand side fails to vanish.

To understand this properly, we need the formalism for quantization of
constrained systems. Instead of introducing it, we will proceed heuristically,
and simply alter the right-hand side of eq. (44) to read

&k kik;
: : — g [ 2 gkx=y) 5. 2
A 0I5 = f ek (5, - 58).
This procedure projects the offending components out of the delta function.

The commutation relations of the a,(k) and al (k) operators follow from
eqgs. (40) and (41), along with eq. (45) and [A;, A;] = [II;,1I;] = 0 (at equal
times). The result is

[ax(k),ax(K)] = 0, (46)
[al(k),al, (k)] = 0, (47)
[ax(k),al,(K)] = (27)%2w 63 (K — K)oy - (48)
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We interpret al (k) and ay(k) as creation and annihilation operators for pho-
tons of definite momentum and helicity, with positive helicity corresponding
to left-circular polarization and negative helicity to right-circular polariza-
tion.

It is now straightfoward to write the hamiltonian in terms of these oper-
ators. We find

H=— A_Zi/éﬁc w al (K)ax(k) + 28V — /df”x I(@)-A(2) + How ,  (49)

where £ = [ d®k w is the zero-point energy per unit volume for each oscillator,
V' is the volume of space,

/d3 d3 P ZTT)){ (?7‘ t) ’ (50)

coul

and we use eq.(34) to express A;(x) in terms of ay(k) and al(k) at any
one particular time (say, ¢t = 0). This is sufficient, because H itself is time
independent.

This form of the hamiltonian of electrodynamics is often used as the
starting point for calculations of atomic transition rates, with the charges and
currents treated via the nonrelativistic Schrodinger equation. The Coulomb
interaction appears explicitly, and the J-A term allows for the creation and
annihilation of photons of definite polarization.

11
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56: LLSZ Reduction for Photons

Prerequisite: 5, 55

In section 55, we found that the creation and annihilation operators for
free photons could be written as

al(k) = —iel(k /d ek 50 () | (51)

ar(k) = +ien(k / & e~ 5y Al) | (52)

where €, (k) is a polarization vector. From here, we can follow the analysis
of section 5 line by line to deduce the LSZ reduction formula for photons.
The result is that the creation operator for each incoming photon should be
replaced by

al(Kp = 725 (K) [ d'e "5 (~0%) Ay(a) (53)

and the destruction operator for each outgoing photon should be replaced by
ax(Kjour — i€4(K) [ d'e e (%) 4, () (54)

and then we should take the vacuum expectation value of the time-ordered
product. Note that, in writing egs. (53) and (54), we have made them look
nicer by introducing (k) = 0, and then using four-vector dot products
rather than three-vector dot products.

The LSZ formula is valid provided the field is normalized according to
the free-field formulae

(0|A*(z)[0) = 0, (55)
(k,\A!(2)]0) = &i(k)e™™ . (56)



The zero on the right-hand side of eq. (55) is required by rotation invariance,
and only the overall scale of the right-hand side of eq. (56) might be different
in an interacting theory.
The renormalization of A; necessitates including appropriate Z factors in
the lagrangian:
L=—1Z5F"F,, + Z,J', . (57)

Here Z3 and Z; are the traditional names of these factors. (We will meet Z
in section 77.) We must choose Z3 so that eq. (56) holds; Z; will be fixed
by requiring some 1PI vertex function to take on a certain value for certain
external momenta.

Next we must compute the correlation functions (0|TA;(z)...[0). As
usual, we will begin by working with free field theory. The analysis is again
almost identical to the case of a scalar field; see problem 8.3. We find that,
in free field theory,

(0|TA (2) A (y)|0) = FAY(z —y) | (58)

where the propagator is

M=y = [ WK (59

v= (2m)* k2 — ie A=EEA A
As with a free scalar field, correlations of an odd number of fields vanish, and
correlations of an even number of fields are given in terms of the propagator
by Wick’s theorem; see section 8.

We would now like to evaluate the path integral for the free electromag-
netic field

Zo(J) = (000} = [ DA A=A Rus (60)

Here we treat the current J,(z) as an external source.

We will evaluate Zy(J) in Coulomb gauge. This means that we will
integrate over only those field configurations that satisfy V-A = 0.

We begin by integrating over A°. Because the action is quadratic in
AF | this is equivalent to solving the variational equation for A°, and then
substituting the solution back into the lagrangian. The result is that we

13



have the Coulomb term in the action,

(@) ()

61
Am|x—y]| (61)

Seoul = —% /d4zc d*y §(z°—y")
Since this term does not depend on the vector potential, we simply get a
factor of exp(iScom) in front of the remaining path integral over A;. We
perform this integral formally (as we did with fermion fields in section 43) by
requiring it to yield correct results for the correlation functions of A; when
we take functional derivatives of it with respect to J;.
Putting all of this together, we get

Zo(J) = exp {iScoul + % /d4x d*y Jy(x) AV (x — y)Jj(y)} ) (62)

We can make Z,(J) look prettier by writing it as

)
Zo(J) = exp| 5. [ d'ady J(@)A @ = ) y)] (63)
where we have defined
4 ~
A=) = [ g e A, (64)
A [V _ 1 v 1 * v
A™(k) = — o) SO0 e Saereh (k)es(k) . (65)

The first term on the right-hand side of eq. (65) reproduces the Coulomb
term in eq. (62) by virtue of the facts that

+oo k0 k0 (20— /0
s —ikP (2P —yY) _ 0o_ .0
| e 50— 9" (66)
d3k tk-(x—y) 1
/ ¢ - (67)
(2m)3 k2 4rr|x —y|

The second term on the right-hand side of eq. (65) reproduces the second
term in eq. (62) by virtue of the fact that £5(k) = 0.
Next we will simplify eq. (65). We begin by introducing a unit vector in
the time direction
t" = (1,0) . (68)

14



Next we need a unit vector in the k direction, which we will call 2#*. We first
note that ¢-k = —k°, and so we can write

(0,k) = kM 4 (t-k)t" . (69)

The square of this four-vector is

k?=Fk>+ (f-k:)2 , (70)
where we have used 2 = —1. Thus the unit vector that we want is
R k* 4+ (- k)tH
P = X ) 71
SRR TASETE ()
Now we recall from section 55 that
> eN(k)ei(k) = b5 — k—; : (72)
A==+
This can be extended to ¢ — p and j — v by writing
> (k)X (k) = g+t — 212 (73)
A=+

It is not hard to check that the right-hand side of eq. (73) vanishes if u = 0
or v = 0, and agrees with eq.(72) for ¢ = i and v = j. Putting all this
together, we can now write eq. (65) as

tHtv gr + Y — zr Y

Ay = — — 0
*) k2 + (k)2 k2 — e

(74)

The next step is to consider the terms in this expression that contain
factors of k* or k¥; from eq. (71), we see that these will arise from the 2#z”
term. In eq. (64), a factor of k* can be written as a derivative with respect
to x* acting on e ). This derivative can then be integrated by parts in
eq. (63) to give a factor of 9"J,(x). But 0*J,(x) vanishes, because the current
must be conserved. Similarly, a factor of k¥ can be turned into 0%J,(y), and

ik(z—y

also leads to a vanishing contribution. Therefore, we can ignore any terms
in A (k) that contain factors of k* or k”.

15



From eq. (71), we see that this means we can make the substitution

(k)
k2 + (E-k)2)72

Pl

(75)
Then eq. (74) becomes

< 1 k2 EE)? .-
A" (k) = — ¢+ |- =+ 1 - ————— | "], (76
(k) k? — e [g ( k2 + (t-k)? k:2+(t-k:)2> ] (76)

where the three coefficients of ¢ come from the Coulomb term, the ##¢”
term in the polarization sum, and the z#Z” term, respectively. A bit of

algebra now reveals that the net coefficient of t#¢ vanishes, leaving us with

the elegant expression
174

< g"
A (k) = FER
Written in this way, the photon propagator is said to be in Feynman gauge.
[It would still be in Coulomb gauge if we had retained the k* and k" terms
in eq. (74).]
In the next section, we will rederive eq. (77) from a more explicit path-
integral point of view.

(77)
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57: The Path Integral for Photons

Prerequisite: 8, 56

In this section we will attempt to evaluate the path integral directly, using
the methods of section 8. We begin with

Zo(J) = / DA i | (78)
So = [di[-1PE, + A, (79)

Following section 8, we Fourier-transform to momentum space, where we find

S = 3 B Am (e ) A

+ (k) Au(—k) + J*(=k) A, (k). (80)
The next step is to shift the integration variable A so as to “complete the
square”. This involves inverting the 4 x 4 matrix k?¢g"” — k*k”. However,
this matrix has a zero eigenvalue, and cannot be inverted.

To better understand what is going on, it is convenient to note that the
matrix of interest can be written as kP (k), where we define

P (k) = g™ — K"k [K* (81)
This matrix is a projection matrix because, as is easily checked,
P (k)P,Mk) = P*(k) . (82)

Thus the only allowed eigenvalues of P are one and zero. There is at least
one zero eigenvalue, because

PP (k)k, =0 . (83)
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On the other hand, the sum of the eigenvalues is given by the trace
guP" (k) =3. (84)

Thus the remaining three eigenvalues must all be one.

Now let us imagine carrying out the path integral of eq. (78), with Sy given
by eq. (80). Let us decompose the field A, (k) into components aligned along a
set of linearly independent four-vectors, one of which is k,,. (It will not matter
whether or not this basis set is orthonormal.) Because the term quadratic in
A, involves the matrix k2 P*(k), and P (k)k, = 0, the component of A, (k)
that lies along k, does not contribute to this quadratic term. Furthermore,
it does not contribute to the linear term either, because 0*J,(xz) = 0 implies
k”ju(k:) = (0. Thus this component does not appear in the path integal at all!
It then makes no sense to integrate over it. We therefore define [ DA to mean
integration over only those components that are spanned by the remaining
three basis vectors, and therefore satisfy k“ﬁu(k) = 0. This is equivalent to
imposing Lorentz gauge, 0*A,,(z) = 0.

The matrix P*(k) is simply the matrix that projects a four-vector into
the subspace orthogonal to k*. Within the subspace, P* (k) is equivalent to
the identity matrix. Therefore, within the subspace, the inverse of k2 P* (k) is
(1/k*) P (k). Employing the € trick to pick out vacuum boundary conditions
replaces k% with k% — ie.

We can now continue following the procedure of section 8, with the result
that

27) = o5 [ s T o ()

2./ (2x k2 — i€
= ooy [drdy @AY @ -], 6
where M e
A (z —y) = / i R (36)

is the photon propagator in Lorentz gauge or Landau gauge. Of course,
because the current is conserved, the k*k term in P* (k) does not contribute,
and so the result is equivalent to that of Feynman gauge, where P* (k) is
replaced by g"”.
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58: The Feynman Rules for Quantum Electrodynamics

Prerequisite: 45, 57

In the section, we will allow the photons to interact with the electrons
and positrons of a Dirac field. We do this by taking the electromagnetic
current j*(z) to be proportional to the Noether current corresponding to the
U(1) symmetry of a Dirac field (see section 36). Specifically,

() = eW(x)y"¥(z) . (87)

Here e = —0.302822 is the charge of the electron in Heaviside-Lorentz units,
with h = ¢ = 1. (We will rely on context to distinguish this e from the
base of natural logarithms.) In these units, the the fine-structure constant is
a = e2/4r = 1/137.036. With the normalization of eq. (87), Q = [ d® j°(x)
is the electric charge operator.

Of course, when we specify a number in quantum field theory, we must
always have a renormalization scheme in mind; e = —0.302822 corresponds
to on-shell renormalization. The value of e will be different in other renor-
malization schemes, such as MS, as we will see in section ?7?.

The complete lagrangian of our theory is thus

L=—1F"F,, +i0)VU — mUV + eUy" VA, . (88)

In this section, we will be concerned with tree-level processes only, and so we
omit renormalizing Z factors.

We have a problem, though. A Noether current is conserved only when
the fields obey the equations of motion, or, equivalently, only at points in field
space where the action is stationary. On the other hand, in our development
of photon path integrals in sections 56 and 57, we assumed that the current
was always conserved.
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This issue is resolved by enlarging the definition of a gauge transformation
to include a transformation on the Dirac field as well as the electromagnetic
field. Specifically, we define a gauge transformation to consist of

AM(z) — Af(z) - O'T'(x), (89)
U(x) — exp[—iel'(z)|¥(z), (90)
U(x) — expl+iel(x)]¥(z) . (91)

It is not hard to check that L£(z) is invariant under this transformation,
whether or not the fields obey their equations of motion. To perform this
check most easily, we first rewrite £ as

L=-1FP"E, +iTPT —mTV (92)

where we have defined the gauge covariant derivative (or just covariant
derivative for short)
D,=0,—1ieA, . (93)

In the last section, we found that F* is invariant under eq.(89), and so
the F'F' term in L is obviously invariant as well. It is also obvious that the
mUW term in £ is invariant under egs. (90) and (91). This leaves the WU
term. This term will also be invariant if, under the gauge transformation,
the covariant derivative of W transforms as

D,V (z) — exp|—iel'(z)] D,V (z) . (94)
To see if this is true, we note that
DV — (EL —te[A, — QLF]) (exp[—ief]\lf)
= oxp[—iel](9,¥ — ie(9, )V — ie[A, — 9,IT¥)
= exp[—iel] (EL — ieAH)\If
= exp[—iel|D,V . (95)
So eq. (94) holds, and WPV is gauge invariant.
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We can also write the transformation rule for D, a little more abstractly

as
DM N e—iel—‘DM e-l—ieF ’ (96)

where the ordinary derivative in D, is defined to act on anything to its right,
including any fields that are left unwritten in eq. (96). Thus we have

D,}If N (6—ieFDMe+ieI‘) (e—ieI‘\Ij)
= ¢ “'D,V, (97)

which is, of course, the same as eq. (95). We can also express the field strength
in terms of the covariant derivative by noting that

[DH, DYV (z) = —ieF* (2)¥(x) . (98)
We can write this more abstractly as

F™ = LDt DY) (99)

i
e
where, again, the ordinary derivative in each covariant derivative acts on

anything to its right. From egs. (96) and (99), we see that, under a gauge
transformation,

Fuy %{6—26FDM 6+26F’ e—zeFDl/ e—i—zef}

_ 6—2’6F(%[Du’ Du])e-l-ief‘

o e—iel"F,uz/e—l—ieF
= Fm (100)

In the last line, we are able to cancel the e*®l factors against each other
because no derivatives act on them. Eq.(100) shows us that (as we already
knew) F* is gauge invariant.

It is interesting to note that the gauge transformation on the fermion
fields, egs. (90-91), is a generalization of the U(1) transformation

U — e, (101)
U — et (102)
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that is a symmetry of the free Dirac lagrangian. The difference is that,
in the gauge transformation, the phase factor is allowed to be a function
of spacetime, rather than a constant that is the same everywhere. Thus,
the gauge transformation is also called a local U(1) transformation, while
egs. (101-102) correspond to a global U(1) transformation. We say that,
in a gauge theory, the global U(1) symmetry is promoted to a local U(1)
symmetry, or that we have gauged the U(1) symmetry.

In section 57, we argued that the path integral over A, should be re-
stricted to those components of Au(k:) that are orthogonal to k,, because
the component parallel to £, did not appear in the integrand. Now we must
make a slightly more subtle argument. We argue that the path integral over
the parallel component is redundant, because the fermionic path integral
over ¥ and ¥ already includes all possible values of I'(z). Therefore, as in
section 57, we should not integrate over the parallel component. (We will
make a more precise and careful version of this argument when we discuss
nonabelian gauge theories in section 77.)

By the standard procedure, this leads us to the following form of the path
integral for quantum electrodynamics:

Z@@,n,J) o explie/d% Gaﬁ(x))(iénj(x))WW(%%N

% Zo(7, 1) ZolJ) (103)
where
Zomn) = esfi [ddyn@)se -y, (104)
Zo(h) = el [dedy F@Aw -l W)]. (109
and
Se-n) = [ gl e
A,W(l‘—y) = /(gﬁk)4 k;’i’ie eik(m—y) (107)
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are the appropriate Feynman propagators for the corresponding free fields.
We impose the normalization Z(0,0,0) = 1, and write

Z(m,m,J) = exp[W (7,1, J)] . (108)

Then W (7,7, J) can be expressed as a series of connected Feynman diagrams
with sources.

The rules for internal and external Dirac fermions were worked out in
the context of Yukawa theory in section 45, and they follow here with no
change. For external photons, the LSZ analysis of section 56 implies that
each external photon line carries a factor of the polarization vector (k).
Putting everything together, we get the following set of Feynman rules for
tree-level processes in quantum electrodynamics.

1) For each incoming electron, draw a solid line with an arrow pointed
towards the vertex, and label it with the electron’s four-momentum, p;.

2) For each outgoing electron, draw a solid line with an arrow pointed
away from the vertex, and label it with the electron’s four-momentum, p/.

3) For each incoming positron, draw a solid line with an arrow pointed
away from the vertex, and label it with minus the positron’s four-momentum,
—Pi-

4) For each outgoing positron, draw a solid line with an arrow pointed
towards the vertex, and label it with minus the positron’s four-momentum,
—p;-

5) For each incoming photon, draw a wavy line with an arrow pointed
towards the vertex, and label it with the photon’s four-momentum, k;. (Wavy
lines for photons is a standard convention.)

6) For each outgoing photon, draw a wavy line with an arrow pointed
away from the vertex, and label it with the photon’s four-momentum, k.

7) The only allowed vertex joins two solid lines, one with an arrow point-
ing towards it and one with an arrow pointing away from it, and one wavy
line (whose arrow can point in either direction). Using this vertex, join up
all the external lines, including extra internal lines as needed. In this way,
draw all possible diagrams that are topologically inequivalent.

8) Assign each internal line its own four-momentum. Think of the four-
momenta as flowing along the arrows, and conserve four-momentum at each
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vertex. For a tree diagram, this fixes the momenta on all the internal lines.

9) The value of a diagram consists of the following factors:

for each incoming photon, €4 (k;);

for each outgoing photon, €, (k);

for each incoming electron, zzsi(pi);

for each outgoing electron, Ty (p});

for each incoming positron, T, (p;);

for each outgoing positron, vy (p;);

for each vertex, iey";

for each internal photon line, —ig"” /(k? — i),

where k is the four-momentum of that line;

for each internal fermion line, —i(—p +m)/(p* + m? — ie),

where p is the four-momentum of that line.

10) Spinor indices are contracted by starting at one end of a fermion line:
specifically, the end that has the arrow pointing away from the vertex. The
factor associated with the external line is either @ or 7. Go along the complete
fermion line, following the arrows backwards, and write down (in order from
left to right) the factors associated with the vertices and propagators that
you encounter. The last factor is either a u or v. Repeat this procedure for
the other fermion lines, if any. The vector index on each vertex is contracted
with the vector index on either the photon propagator (if the attached photon
line is internal) or the photon polarization vector (if the attached photon line
is external).

11) Two diagrams that are identical except for the momentum and spin
labels on two external fermion lines that have their arrows pointing in the
same direction (either both towards or both away from the vertex) have a
relative minus sign.

12) The value of i7 (at tree level) is given by a sum over the values of all
the contributing diagrams.

In the next section, we will do a sample calculation.
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Notes on Quantum Field Theory Mark Srednicki

59: Tree-Level Scattering in QED

Prerequisite: 48, 58

In the last section we wrote down the Feynman rules for quantum elec-
trodynamics. In this section, we will compute the scattering amplitude (and
its spin-averaged square) at tree level for the process of electron-positron
annihilation into a pair of photons, ete™ — 7.

The contributing diagrams are shown in fig. (1), and the associated ex-
pression for the scattering amplitude is

s o[ (it Km —htktm
7'6+e*—>77:e2€/1l/52/ V2 [%(W Yo + Y W Y| UL
(109)

where €/, is shorthand for €}, (k}), 7, is shorthand for T, (pz), and so on.
The Mandelstam variables are

s = —(p+p)? =—(k + k)%,
t = —(Pl - ki)2 = —(P2 - k§)2 )
u = —(p1—ky)?=—(p2—ky)*, (110)

and they obey s+t + u = 2m?.
Following the procedure of section 46, we write eq. (109) as

T - Eijilgg/ EQAMVul 5 (].1].)
where
_ 2 —¢1+k’1+m —¢1+k’2+m
L G e L B
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Figure 1: Diagrams for ete™ — v, corresponding to eq. (109).

We also have

T =T =¢edf a1 Aypva . (113)
Using df... = ...}k, we see from eq. (112) that
A, = A, . (114)
Thus we have
| T|? = eliel el g (D2 A u) (U Agpvs) - (115)

Next, we will average over the initial electron and positron spins, using
the technology of section 46; the result is

LS ITP? = Leleh et ed Te[ Ay (—#h+m) Agy(—y—m)] - (116)
51,52
We would also like to sum over the final photon polarizations. From
eq. (116), we see that we must evaluate

> ke (k) . (117)
A=+
We did this polarization sum in Coulomb gauge in section 56, with the result
that

k)R (k) = g + P — 2Har (118)
pumnt
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where t* is a unit vector in the time direction, and 2* is a unit vector in the
k direction that can be expressed as
” k* + (t-k)tH

=~ T GRTE (119)

It is tempting to drop the k* and k” terms in eq. (118), on the grounds that
the photons couple to a conserved current, and so these terms should not
contribute. (We indeed used this argument to drop the analogous terms in
the photon propagator.) This also follows from the notion that the scattering
amplitude should be invariant under a gauge transformation, as represented
by a transformation of the external polarization vectors of the form

(k) — e (k) — il (k)kH . (120)

Thus, if we write a scattering amplitude 7 for a process that includes a
particular outgoing photon with four-momentum £* as

T =eh(k)M,,, (121)
or a particular incoming photon with four-momentum k* as
T =" (kM,, , (122)
then in either case we should have
KM, =0. (123)

Eq. (123) is in fact valid; we will give a proof of it, based on the Ward identity
for the electromagnetic current, in section ?7. For now, we will take eq. (123)
as given, and so drop the k* and k” terms in eq. (118).

This leaves us with

~

- tk)?
M(k)ed (k) — ”p—l—t”t”—(iAt”t”. 124
);E@\( )€>\( ) g k2+(t-k)2 ( )

But, for an external photon, k* = 0. Thus the second and third terms in
eq. (124) cancel, leaving us with the beautifully simple substitution rule

AZ eh(k)ex (k) — g . (125)
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Using eq. (125), we can sum |7 |? over the polarizations of the outgoing

photons, in addition to averaging over the spins of the incoming fermions;

the result is

(71%)

where

(D)
<(I)tU>

<(I)ut>

Tr :%t(_?ﬁ'% +m)%(_2¢1+m)’7u (_Zjﬁ'% +m)7”(—¢2—m(>1:

Tr [ (= o) (=) (= o Hm)y (—hy =]

T [~ (= +m) v (= )y (= + Rt m)y (=]
)

Tr [ (= Kyt m) v (—y Hm)y” (=g ) (—fy =)

= i 2 7P

AL 51,52
= 3Tr[ A (—+Hm) A (—y—m)|
A (D) (Pru) + (Pus) (Do)
~ | G e | O

26)

27)
28)

29)
30)

Examinging eqgs. (127) and (128), we see that (®y) and (®,,,) are transformed
into each other by k7 < k%, which is equivalent to ¢ «» u. The same is true of
egs. (129) and (130). Thus we need only compute (®4) and (Py,), and then
take t < u to get (@) and (D).

Now we can apply the gamma-matrix technology of section 47. In par-

ticular, we will need the d = 4 relations

P = 4, (131)
Vv = 24, (132)
Vil = Alab). (133)
Vbt = 244 (134)
in addition to the trace formulae. We also need
pp2 = —3(s—2m?),
ik, = —3s,
mky =paky = +3(0—m?),
piky = poky = +5(u—m?) (135)



which follow from eq. (110) plus the mass-shell conditions p? = p2 = —m?
and k}?> = k> = 0. After a lengthy and tedious calculation, we find

(By) = 2[tu —m?*(3t +u) —m?], (136)

(Br,) = 2m?*(s —4m?), (137)
which then implies

(Byuy) = 2[tu—m?*(Bu+t) —m'], (138)

(®y) = 2m?*(s —4m?) . (139)

This completes our calculation.

Other tree-level scattering processes in QED pose no new calculational
difficulties, and are left to the problems.

In the high-energy limit, where the electron can be treated as massless,
we can use the method of spinor helicity, which was introduced in section
50. We take this up in the next section.
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60: Spinor Helicity for QED

Prerequisite: 48

In section 50, we introduced a special notation for v and v spinors of
definite helicity for massless electrons and positrons. This notation greatly
simplifies calculations in the high-energy limit (s, |¢|, and |u| all much greater
than m?).

We define the twistors

p] = u-(p)=v:(p),
p) = ulp) =v-(p),
bl = ui(p)=7-(p),
(p| = u_(p)=74+(p) . (140)
We then have
k[ |p] = [kp],
(k| lp) = (kp),
[k [p) = 0,
(k| lp] = 0, (141)
where the twistor products [k p] and (kp) are antisymmetric,
[k p] —[pkl,
(k p) —(pk) (142)



and related by complex conjugation, (pk)* = [kp]. They can be expressed
explicitly in terms of the components of the massless four-momenta & and p.
However, more useful are the relations

(pa)lar] (rs) [sp] = Tr5(1—s)py'# (143)
and
(kp)[pk] = Tr3(1—7s)kp
= —2k-p
= —(k+p)*. (144)
Finally, for any massless four-momentum p we can write

— = Ip)[p| + pl(p| . (145)

We will quote other results from section 50 as we need them.
To apply this formalism to quantum electrodynamics, we need to write
photon polarization vectors in terms of twistors. The formulae we need are

won o {a"IE]
6+(k> - \/5 <C] k‘> ) (146)
k) = 4R (147)

V2[qk]
where ¢ is an arbitrary reference momentum.

The simplest way to verify egs. (146) and (147) is to do so for a a specific
choice of k, and then rely on the Lorentz transformation properties of twistors
to conclude that the result must hold in any frame, and therefore for any
massless four-momentum k. So, we will choose k* = (w,wz) = w(1,0,0,1).
Then, the most general form of &% (k) is

el (k) = €550, 1, —i,0) + Ck" . (148)

Here €' is an arbitrary phase factor, and C is an arbitrary complex num-
ber; the freedom to add a multiple of k& comes from the underlying gauge
invariance.
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To verify that eq. (146) reproduces eq. (148), we need the explicit form
of the twistors |k] and |k) when the three-momentum is in the z direction.
Using results in section 50 we find

0
(149)

=

I

5

—

=

I
5

o~oco

The most general form for (gl is

(gl = (0,0, e, B), (150)

where « and [ are arbitrary complex numbers. Plugging eqgs. (149) and (150)

= ’ “”) (151)

ot 0
along with o* = (I, ) and 6" = (I, —0), we find that we reproduce eq. (148)
with ¢ = —1 and C' = /aw. There is now no need to check eq. (147),
because £ (k) = —[e! (k)]*, as can be seen by using (¢k)* = —[¢k] along

into eq. (146), and using

with another result from section 50, (q|v*|k]* = (k|v*|q].

In quantum electodynamics, the vector index on a photon polarization
vector is always contracted with the vector index on a gamma matrix. We
can get a convenient formula for ¢ (k) by using the Fierz identities

—37"alvulk] = [kl gl + @) [k, (152)
—37'lalvlk) = k)l + la] (k] - (153)

We then have

S

filksg) = - >(|k]<q|+|q>wc|), (154)

Flkie) = — k](\k>[q|+\q]<k|), (155)

»QQ‘
[N I

where we have added the reference momentum as an explicit argument on
the left-hand sides. Since the phase of ¢, (k;q) is arbitrary, the minus signs
on the right-hand sides of eqs. (154) and (155) can be dropped.
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Now we have all the tools we need for doing calculations. However, we can
simplify things even further by making maximal use of crossing symmetry.

Note from eq. (140) that u_ (which is the factor associated with an in-
coming electron) and v, (an outgoing positron) are both represented by the
twistor |p], while @, (an outgoing electron) and ¥_ (an incoming positron)
are both represented by [p|. Thus the square-bracket twistors correspond to
outgoing fermions with positive helicity, and incoming fermions with neg-
ative helicity. Similarly, the angle-bracket twistors correspond to outgoing
fermions with negative helicity, and incoming fermions with positive helicity.

Let us adopt a convention in which all particles are assigned four-momenta
that are treated as outgoing. A particle that has an assigned four-momentum
p then has physical four-momentum e,p, where €, = sign(p®) = +1 if the
particle is physically outgoing, and ¢, = sign(p) = —1 if the particle is
physically incoming.

Since the physical three-momentum of an incoming particle is opposite
to its assigned three-momentum, a particle with negative helicity relative
to its physical three-momentum has positive helicity relative to its assigned
three-momentum. From now on, we will refer to the helicity of a particle
relative to its assigned momentum. Thus a particle that we say has “positive
helicity” actually has negative physical helicity if it is incoming, and positive
physical helicity if it is outgoing.

With this convention, the square-bracket twistors |p|] and [p| represent
positive-helicity fermions, and the angle-bracket twistors |p) and (p| repre-
sent negative-helicity fermions. When ¢, = sign(p®) = —1, we analytically
continue the twistors by replacing each w'/? in eq. (149) with i|w|'/2. Then
all of our formulae for twistors and polarizations hold without change, with
the exception of the rule for complex conjugation of a twistor product, which
becomes

(pk)" = epex[kip] - (156)

Now we are ready to calculate some amplitudes. Consider first the pro-
cess of fermion-fermion scattering. The contributing tree-level diagrams are
shown in fig. (2).

The first thing to notice is that a diagram is zero if two external fermion
lines that meet at a vertex have the same helicity. This is because (as shown

33



P1+P3 T P1+ Py

_p2> > P4 _p2> > P3

Figure 2: Diagrams for fermion-fermion scattering, with all momenta treated
as outgoing.

in section 50) we get zero if we sandwich the product of an odd number of
gamma matrices between two twistors of the same helicity. In particular, we
have (p|y*|k) = 0 and [p|y*|k] = 0. Thus, we will get a nonzero result for
the tree-level amplitude only if two of the helicities are positive, and two are
negative. This means that, of the 2* = 16 possible combinations of helicities,
only six give a nonzero tree-level amplitude: 7., 7, . 7T, . T ..,
T . 4+, and 7_,,_, where the notation is 7, ,s,s,. Furthermore, the last
three of these are related to the first three by complex conjugation, so we
only have three amplitudes to compute.

Let us begin with 7, __ .. Only the first diagram of fig. (2) contributes,
because the second has two postive-helicity lines meeting at a vertex. To
evaluate the first diagram, we note that the two vertices contribute a factor

of (ie)? = —e?, and the internal photon line contributes a factor of G/ 513,
where we have defined the Mandelstam variable

Following the charge arrows backwards on each fermion line, and dividing by
i to get 7 (rather than ¢7"), we find

Ty = = BN [AP2) /513
= +2e2[14](23) /13, (158)
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where (3| is short for (ps|, etc, and we have used yet another form of the
Fierz identity to get the second line.

The computation of 7, _, _ is exactly analogous, except that now it is only
the second diagram of fig. (2) that contributes. According to the Feynman
rules, this diagram comes with a relative minus sign, and so we have

T = —2e*[13](24) /s14 . (159)

Finally, we turn to 7,,__. Now both diagrams contribute, and we have

Tor = <<3|7“|1l (A2 @] <3m|2]>
= —2e[12] (34) (SLB+S_L>
— 1262[12](34) (83182 > , (160)

where we used the Mandelstam relation si15 + s13 + s14 = 0 to get the last
line.

To get the cross section for a particular set of helicities, we must take the
absolute squares of the amplitudes. These follow from eqgs. (144) and (156):

(1 2>‘2 =|[1 2”2 = €1€2512 - (161)

Then taking the absolute square of any of egs. (158-160) then yields an overall
factor of €1ez€3¢4. Since there are always two incoming and two outgoing
particles, this factor equals one.

We can compute the spin-averaged cross section by summing the absolute
squares of eqs. (158-160), multiplying by two to account for the processes in
which all helicities are opposite (and which have amplitudes that are related
by complex conjugation), and then dividing by four to average over the initial
helicities. The result is

(TP = 2e4<8—%4 $o Sf?sé‘*)

2 2 2
813 S14 S13514

e <8112 +281132+ Si“‘) . (162)
513514
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Figure 3: Diagrams for fermion-photon scattering, with all momenta treated
as outgoing.

We used s34 = s12 to get the second line.

For the processes of e7e~ — e~ e~ and etet — etet, we have s15 = s,
si3 =t, and s14 = u; for ete™ — eTe™, we have s13 = s, s14 = t, and s12 = u.

Now we turn to processes with two external fermions and two external
photons, as shown in fig. (3). The first thing to notice is that a diagram is
zero if the two external fermion lines have the same helicity. This is because
the corresponding twistors sandwich an odd number of gamma matrices:
one from each vertex, and one from the massless fermion propagator S (p) =
—p/p?. Thus we need only compute 7, .y, since 7 .., is related by
complex conjugation.

Next we use eqs (154-155) and (141-142) to get

¢ _(kp)pl = 0, (163)
pl¢_(kip) = 0. (164)
¢, (kp)lp) = 0, (165)
(pl¢, (ksp) = 0, (166)

Thus we can get some amplitudes to vanish with appropriate choices of the
reference momenta in the photon polarizations.
So, let us consider

T =+ QU (kua) W + k)¢5 (ksias) 1] /515
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+ e (214, (ks;q3) () + Ka) s (Kasqa) 1] /514 (167)

If we take A3 = Ay = —, then we can get both terms in eq. (167) to vanish
by choosing g3 = g4 = p1, and using eq. (163). If we take A3 = Ay = +, then
we can get both terms in eq. (167) to vanish by choosing g3 = g4 = po, and
using eq. (166).

Thus, we need only compute 7,__, and 7,_,_. For 7,_,_, we can
get the second term in eq. (167) to vanish by choosing g3 = p2, and using
eq. (166). Then we have

Tiovo = QlE_(kua) @ + #)E, (ksip2)|1] /513

. V2 Vil

= ¢ (24) laal (4, + K5)[2) [31] 755 (23) s13

Tl (168)

Next we note that [p|y = 0, and so it is useful to choose either ¢ = p; or
qs = k3. There is no obvious advantage in one choice over the other, and they
must give equivalent results, so let us take g4 = p;. Then, using eq. (145) for

K, we get
(24) [13](32) [31]

T =—2¢" 169
e [1 4] <2 3> S13 ( )
Now we use s;3 = —(24) [24], and antisymmetry of the twistor products, to
get
13]?
T =2 L3 1
e T R (170)
We can now get 7, __, simply by exchanging the labels 3 and 4,
14]?
Ty = 2€° 1147 : 171

We can compute the spin-averaged cross section by summing the abso-
lute squares of egs. (170) and (171), multiplying by two to account for the
processes in which all helicities are opposite (and which have amplitudes that
are related by complex conjugation), and then dividing by four to average
over the initial helicities. The result is

(1T%) = 2¢* €3€4<§ + %) : (172)

S14 513
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We used [(1,3)|? = €1€3513, Sa4 = S13, etc, as well as ei€ze3¢4 = 1, to put the
result in this form. The role of the €’s is to ensure that each term is positive.

For the processes of e”y — ¢~y and e™y — etv, we have s;3 = s, $19 = 1,
siy = u, and ez, = —1; for efe™ — vy and vy — eTe” we have s15 = s,
s13 =t, s14 = u, and €364, = +1.

Problems

60.1) Show that k,e (k;q) = 0 (as required by gauge invariance) and that
queli(k:q) = 0 as well.

60.2) For a process with n external particles and all momenta treated as
outgoing, show that

(i) [k =0. (173)

n
1=

60.3) Use various identities to show that eq. (171) can also be written as

(24)°

Tt =22 g gy

(174)
60.4a) Show explicitly that you would get the same result as eq. (170) if
you set g4 = k3 in eq. (168).

b) Show explicitly that you would get the same result as eq. (170) if you
set g4 = po in eq. (168).

60.5) Show that the tree-level scattering amplitude for two or more pho-
tons that all have the same helicity, plus any number of fermions with arbi-
trary helicities, vanishes.

60.6a) Consider the scattering of two fermions and three photons. Which
tree-level helicity amplitudes are zero?

b) Compute the nonzero tree amplitudes.
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61: Scalar Electrodynamics

Prerequisite: 58

In this section, we will consider how charged spin-zero particles interact
with photons. We begin with the lagrangian for a free complex scalar field

2
L=—0"p'0,0 —m*plp . (175)

The lagrangian is obviously invariant under the global U(1) symmetry

—i

p(z) ,
pl(x) — e™l(x). (176)

plr) — e

We would like to promote this to a local U(1) symmetry,
p(r) — expl—iel'(z)lp(z) (177)
o) — exp[+iel(z)]p'(x) . (178)

In order to do so, we must replace each ordinary derivative in eq. (175) with
a covariant derivative

D, =0, —ieA, , (179)

where A, transforms as
At(x) — A¥(x) — O'I'(x) (180)
which implies that D, transforms as

D, — exp|—iel'(z)] D, exp[+iel'(z)] . (181)
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Our complete lagrangian for scalar electrodynamics is then
L =—(D"o) Dy —m*plo — 1M pT0)? = 1FMF,, . (182)

We have added the usual gauge-invariant kinetic term for the gauge field.
We have also added a gauge-invariant quartic coupling for the scalar field;
this turns out to be necessary for renormalizability, as we will see in section
??7. For now, we omit the renormalizing Z factors.

Of course, eq.(182) is invariant under a global U(1) transformation as
well as a local U(1) transformation: we simply set I'(z) to a constant. Then
we can find the conserved Noether current corresponding to this symmetry,
following the procedure of section 22. In the case of QED (by which we mean
quantum electrodynamics with a Dirac field), this current is same as it is in
the case of a free Dirac field, j* = W~4*W¥. In the case of a complex scalar
field, we find

j* =Tm(p'D"y) , (183)

where AD'B = AD'B — (D*A)B. We see that this current depends on
the gauge field. Furthermore, with a factor of e, this current is indeed the
electromagnetic current, which is usefully defined in general as

oL
y =
]EM(x) - aA“(,ﬁU) ‘

(184)

We had not previously contemplated the notion that the electromagnetic
current could involve the gauge field itself, but in scalar electrodynamics this
arises naturally, and is essential for gauge invariance.

It also poses no special problem in the quantum theory. We will make
the same assumption that we did in the case of QED: namely, that the
correct procedure is to omit integration over the component of flu(k) that is
parallel to k,, on the grounds that this integration is redundant. This leads
to the same Feynman rules for internal and external photons as in QED.
The Feyman rules for internal and external scalars are the same as those of
problem 77. We will call the spin-zero particle with electric charge +e a scalar
electron or selectron (recall that our convention is that e is negative), and
the spin-zero particle with electric charge —e a scalar positron or spositron.
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Scalar lines (traditionally drawn as dashed in scalar electrodynamics) carry
a charge arrow whose direction must be preserved when lines are joined by
vertices.

To determine the kinds of vertices we have, we first write out the inter-
action terms in the lagrangian of eq. (182):

L = ieA"[(0,0") 0 — 010,0] — 2 AP, 070 — IN(pTp)? . (185)

This leads to the vertices shown in fig. (4). The vertex factors associated
with the last two terms are —2ie?g,, and —i\. The vertex factor for the
first term is slightly tricky, because we have to translate the derivatives into
momenta while keeping the signs right; this is done in problem 61.1. The
result is that the vertex factor is ie(k1 + k2),,, where the scalar four-momenta
are as shown in fig. (4).

Putting everything together, we get the following set of Feynman rules
for tree-level processes in scalar electrodynamics.

1) For each incoming selectron, draw a dashed line with an arrow pointed
towards the vertex, and label it with the selectron’s four-momentum, k;.

2) For each outgoing selectron, draw a dashed line with an arrow pointed
away from the vertex, and label it with the selectron’s four-momentum, ..

3) For each incoming spositron, draw a dashed line with an arrow pointed
away from the vertex, and label it with minus the spositron’s four-momentum,
—k;.

4) For each outgoing spositron, draw a dashed line with an arrow pointed
towards the vertex, and label it with minus the spositron’s four-momentum,
—k.

5) For each incoming photon, draw a wavy line with an arrow pointed
towards the vertex, and label it with the photon’s four-momentum, k;.

6) For each outgoing photon, draw a wavy line with an arrow pointed
away from the vertex, and label it with the photon’s four-momentum, k..

7) There are three allowed vertices, shown in fig. (4). Using these vertices,
join up all the external lines, including extra internal lines as needed. In this
way, draw all possible diagrams that are topologically inequivalent.

8) Assign each internal line its own four-momentum. Think of the four-
momenta as flowing along the arrows, and conserve four-momentum at each
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Figure 4: The three vertices of scalar electrodynamics; the corresponding
vertex factors are ie(ky + ka),, —2i€?g,,, and —i\.

42



vertex. For a tree diagram, this fixes the momenta on all the internal lines.

9) The value of a diagram consists of the following factors:

for each incoming photon, €4 (k;);

for each outgoing photon, €4, (k;);

for each incoming or outgoing selectron or spositron, 1;

for each vertex, ie(ky + ks),, —2i€®g,,, or —i\,

according to the type of vertex;

for each internal photon line, —ig"” /(k* — ie),

where k is the four-momentum of that line;

for each internal scalar , —i/(k? + m? — ie),

where k is the four-momentum of that line.

10) The vector index on each vertex is contracted with the vector index
on either the photon propagator (if the attached photon line is internal) or
the photon polarization vector (if the attached photon line is external).

11) The value of i7 (at tree level) is given by a sum over the values of all
the contributing diagrams.

Let us compute the scattering amplitude for a particular process, ete~ —
~7, where €~ denotes a selectron. We have the diagrams of fig. (5).

The amplitude is

o 1 (2ki—ky) el (k1 —k—ks) el

T = (ie) - UZ 2 + (3 4)
— 2ie*g,,ehey (186)
where t = —(k; — k%)% and u = —(k; —k})?. This expression can be simplified

by noting that ky — k§ — ko = k)} — 2k, and that k;-¢; = 0. Then we have

. 4(1{51'83/)(1{52'84/) 4(]€1'€4/)(]€2'€3/)
_ 2
T = —ie o + W + 2(ez-eq)] . (187)

To get the polarization-summed cross section, we take the absolute square of
eq. (187), and use the substitution rule

AZ eh(k)e (k) — g (188)

This is a straightforward calculation.
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Figure 5: Diagrams for été~ — 7.
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Problems

61.1) Compute the polarization-summed squared amplitude (|7?) for
eq. (187), and express your answer in terms of the Mandelstam variables.

61.2) Compute the scattering amplitude 7 and polarization averaged
squared amplitude (|7]?) for the process €=y — €.
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Notes on Quantum Field Theory Mark Srednicki

62: Loop Corrections in Quantum Electrodynamics

Prerequisite: 51, 59

In this section we will compute the one-loop corrections in quantum elec-
trodynamics of electrons and positrons, represented by a Dirac field.

First let us note that the general discussion of sections 18 and 29 leads
us to expect that we will need to add to the lagrangian all possible terms
whose coefficients have positive or zero mass dimension, and that respect the
symmetries of the original lagrangian. These include Lorentz symmetry, the
U(1) gauge symmetry, and the discrete symmetries of parity, time reversal,
and charge conjugation.

The mass dimensions of the fields (in four spacetime dimensions) are
[A#] = 1 and [¥] = % Gauge invariance requires that A* appear only in
the form of a covariant derivative D*. (Recall that the field strength F*”
can be expressed as the commutator of two covariant derivatives.) The only
possible term we can write down that does not involve the ¥ field, and that
has mass dimension four or less, is €, F** F'??. This term, however, is odd
under parity and time reversal. Similarly, there are no terms meeting all
the requirements that involve W: the only candidates contain either 5 (e.g.,
iW~5W) and are forbidden by parity, or C (e.g, $TCV¥) and are forbidden by
the U(1) symmetry.

Therefore, the theory we will consider is

L = 'CO + 'Cl ’
Lo = OPY —mTY —LPwE,,

£1 = zZleﬁA\I/ + /Cct s
Lo = i(Zo—-1)VPV — (Z,—1)mUV — 1(Z3—1)F"™F,, .

46



We will use an on-shell renormalization scheme: the lagrangian parameter
m is the actual mass of the electron, a = e?/4r is the coefficient of 1/r? in
Coulomb’s Law (as determined by doing electron-electron scattering at very
low energy), and the fields are normalized according to the requirements of
the LSZ formula.

We can write the exact photon propagator (in momentum space) as a
geometric series of the form

A (k) = AL (k) + A, ()T (k) A, (k) + ..., (193)

where I1#(k) is given by a sum of 1PI diagrams with two external photon
lines (and the external propagators removed), and A, (k) is the free photon
propagator,

1
A (k) = 2 e

— 1€

o-0-055).

Here we have allowed ourselves some freedom of choice for the gauge by

including the arbitrary parameter { multiplying a k,k, term; observable
squared amplitudes should not depend on &.
This suggests that I (k) should be transverse,

ke 1% (k) = k11" (k) = 0, (195)

so that the k,k, terms in Auy(k) vanish when attached to the fermion lines
in I1" (k). Eq.(195) is in fact valid; we will give a proof of it, based on the
Ward identity for the electromagnetic current, in section ?7. For now, we
will take eq. (195) as given. This implies that we can write

(k) = (K (K" — kK" (196)
= KK P™ (k) (197)

where I1(k?) is a scalar function, and P* (k) = g™ —k* k" /k? is the projection
matrix introduced in section 57.
Note that we can also write

Byulh) = g Pt + 6252, (198)



+ AR

Figure 6: The one-loop and counterterm corrections to the photon propagator
in QED.

Then, using eqs. (197) and (198) in eq.(193), and summing the geometric
series, we find

e Puu(k)

B Kk, ) K2
A (k) = k2[1 — TI(k2)] — ic

k2 —ie

+& (199)
The ¢ dependent term should be physically irrelevant (and can be set to zero
by the gauge choice £ = 0, corresponding to Lorentz gauge). The remaining
term has a pole at k* = 0 with residue P, (k)/[1 — II(0)]. In our on-shell
renormalization scheme, we should have I1(0) = 0; this corresponds to the
field normalization that is needed for the validity of the LSZ formula. (This
is most easily checked in Coulomb gauge.)

Let us now turn to the calculation of II*”(k). The one-loop and countert-
erm contributions are shown in fig. (6). We have

) = (0zer () [ [0S0

—i(Zs—1) (K g™ — kFE") + O(e?) | (200)

where the factor of minus one is for the closed fermion loop, and S(j) =
(—p+m)/(p*+m?*—ie) is the free fermion propagator in momentum space.
Anticipating that Z; = 1 + O(e?), we can set Z; = 1 in the first term.
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We can write

AN

7(612 DR (201)

T[S(+) 5] = [ da
where we have combined denominators in the usual way: ¢ = ¢ + xk and
D = z(1—2)k* + m* — ie . (202)
The numerator is
AN = Tr[S(—f—F+m)y"S(~f+m)y" (203)
Completing the trace, we get

N = ((+k)"k” + k" (0+k)" — [0(l+k) +m?]g" . (204)

Setting ¢ = ¢— xk and and dropping terms linear in ¢ (because they integrate
to zero), we find

N — 2¢"q" — 22(1—2)k"k" — [¢* — z(1—2)k* + m?]g" . (205)

The integrals diverge, and so we analytically continue to d = 4—¢ dimensions,
and replace e with efi®/? (so that e remains dimensionless for any d).
Next we recall a result from section 31:

1
/d q4"q"f gg’”/ddq (g% . (206)
This allows the replacement
N — =2z(1—z)k"E" + [(% - 1)q2 +z(l—2)k?* — mz} g . (207)

Using the results of section 14, along with a little manipulation of gamma
functions, we can show that

<§ a 1) / (;lﬁq)d (¢? —Clj— D)? B 2D/ (jﬁq)d (q2iD)2 : (208)

Thus we can make the replacement (2/d — 1)¢> — 2D in eq.(?7?), and we
find

N — 2z(1—z)(K*g" — k"k") . (209)
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This guarantees that the one-loop contribution to II*/(k) is transverse (as
we expected) in any number of spacetime dimensions.
Now we evaluate the integral over ¢, using

N d° 1 i ) ~2
“6/(27rq)d (@ +D) — 1672 (2 (4mi D)
= Si-amon] . @0

where p? = 4re™"[i?, and we have dropped terms of order ¢ in the last line.
Combining eqs. (196), (200), (201), (209), and (210), we get

/}mx1x[——4mpmﬂ-4%—m+0@ﬂ.(mn

Imposing I1(0) = 0 fixes

Zy=1-— 66—; G + ﬁnite> +O(eh) (212)
and
(k?) = 27?2/ dr z(1—z)In(D/m?) 4+ O(e*) . (213)

Next we turn to the fermion propagator. The exact propagator can be
written in Lehmann-Kallén form as

& 1 > pu(s)
S(¢)=;¢+m_i€+/m$hdszj+\/§_l_e. (214)
We see that the first term has a pole at = —m with residue one. This
residue corresponds to the field normalization that is needed for the validity
of the LSZ formula.

There is a problem, however: for QED, the threshold mass my, is m,
corresponding to the contribution of a fermion and a zero-energy photon.
Thus the second term has a branch point at y = —m. The pole in the first
term is therefore not isolated, and its residue is ill defined.

This is a reflection of an underlying infrared divergence, associated with
the massless photon. To sidestep it, we will have to impose an infrared cutoff
that moves the branch point away from the pole. The simplest method is to
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change the denominator of the photon propagator from k2 to k2 + A2, where
A plays the role of a fictitious photon mass. Ultimately, as in section 25, we
must deal with this issue by computing cross-sections that take into account
detector inefficiencies. In the case of QED, we must specify the lowest photon
energy wmiy that can be detected. Only after computing cross sections with
extra undectable photons, and then summing over them, is it safe to take
the limit A — 0.

An alternative is to use dimensional regularization for the infrared diver-
gences as well as the ultraviolet ones. As discussed in section 25, there are
no soft-particle infrared divergences for d > 4 (and no colinear divergences at
all in QED with massive electrons). In practice, infrared-divergent integrals
are finite away from even-integer dimensions, just like ultraviolet-divergent
integrals. Thus we simply keep d = 4 — ¢ all the way through to the very
end, taking the ¢ — 0 limit only after summing over cross sections with
extra undetectable photons, all computed in 4 — & dimensions. This method
is calculationally the simplest, but requires careful bookkeeping to segregate
the infrared and ultraviolet singularities. For that reason, we will not pursue
it further.

We can write the exact fermion propagator in the form

SH P =p+m—ie—S(Y), (215)

where iY(p) is given by the sum of 1PI diagrams with two external fermion
lines (and the external propagators removed). The fact that S(j) has a pole
at p = —m with residue one implies that ¥(—m) = 0 and ¥'(—m) = 0; this
fixes the coefficients Z, and Z,,. As we will see, we must have an infrared
cutoff in place in order to have a finite value for ¥'(—m).

Let us now turn to the calculation of X (j). The one-loop and counterterm
contributions are shown in fig. (7). We have

d*

. , 2 L= .
20 = (o) [ o b SE+ 7] A0
— (Zo—1)p — (Zpy—1)m + O(e?) . (216)
It is simplest to work in Feynman gauge, where we take
A _ Iuv .
B () = 24+ N2 — e’ (217)
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Figure 7: The one-loop and counterterm corrections to the fermion propaga-
tor in QED.

here we have included the fictitious photon mass A as an infrared cutoff.
We now apply the usual bag of tricks to get

S = —em‘f/ dx/ 2 +D)
—(Z2—1)p - (Zm—l)m +0(e") (218)
where ¢ = ¢ + 2k and
D = z(1-2)p*+am’ + (1-2)\*, (219)
N = w(=p—f+m)"
= —(d=-2)(p+/) -
= —(d-2)[¢g + (1—2)p] —dm , (220)

where we have used (from section 47) v,7* = —d and v,p* = (d—2)p. The
term linear in ¢ integrates to zero, and then, using eq. (210), we get

20) = -y [ de(2-e)1-0+ (1-e)m)[ L~ in(D/1)
—(Zo—1)p — (Zy—1)m + O(e?) . (221)
We see that finiteness of ¥(§) requires
Zy = 1- % (é + ﬁnite) +0(e) (222)
T = 1— 26—7:2 (é + ﬁnite) +0(e") . (223)



Figure 8: The one-loop correction to the photon-fermion-fermion vertex in
QED.

We can impose X(—m) = 0 by writing

e? 1
) = £ [ | do (=) 2m)n(D/Do) + w4+ m)| . (229)
where Dy is D evaluated at p? = —m?,

Dy = z°m® + (1 — 2)A\?, (225)

and k9 is a constant to be determined. We fix xo by imposing ¥'(—m) = 0.
In differentiating with respect to g, we take the p? in D, eq. (219), to be —p?;
we find

Ky = —2/01dxx(1—x2)m2/D0
= —2In(m/A) +1, (226)

where we have dropped terms that go to zero with the infrared cutoff A.

Next we turn to the loop correction to the vertex. We define the vertex
function iV#(p/, p) as the sum of one-particle irreducible diagrams with one
incoming fermion with momentum p, one outgoing fermion with momentum
p’, and one incoming photon with momentum k = p’ — p. The original vertex
iZ1ey* is the first term in this sum, and the diagram of fig. (8) is the second.
Thus we have

VA, p) = iZiey + Vi (1, p) + O(€”) | (227)
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where

Viinlt's0) = 169 (2) [ Gz DS @S B(0) . (228)

We again use eq. (217) for the photon propagator, and combine denominators
in the usual way. We then get

d'q NH
M ! 2
iViiop (P, 0) /€ = € / dFy / ) 1 DF (229)

where the integral over Feynman parameters is
/ dFy = 2 /0 ' dydiadivs (a1 +watas—1) | (230)
and
q = (+xp+ayp, (231)
D = z(1—2))p* + 2o(1—29)p — 22129p-p" + (z14+22)m? + 237? (232)
N* = (= =L+ mV (=P — L +m)Y”
= Wl—d+ 2 — (L—a2)p’ + m]y*[—f — (L=21)p + 22p” + m]y”
= Y4y + NE (linear in q) , (233)
where
Nt = [ = (L=a)p' + my* [ (1= ) + wopf’ + m]"” . (234)

The terms linear in ¢ in eq. (233) integrate to zero, and only the first term
is divergent. After continuing to d dimensions, we can use eq. (206) to make
the replacement

v 1 v
Yol iy —>3q2%%ﬁ“7”7 - (235)

Then we use v,7*y” = (d—2)7" twice to get

d—2)?
Ay e y L. (236)
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Performing the usual manipulations, we find

VH / _ e 1 2\ \op o 1 N*
Loop (P D) /€ = ) [(g -1 §/dF3 In(D/u ))fy + Z/dF3 f] )
(237)
From eq. (227), we see that finiteness of V¥(p/, p) requires
Zy=1- 6—2 (1 + ﬁnite) +O(e*) . (238)
82 \¢

To completely fix V¥(p', p), we need a suitable condition to impose on it. We
take this up in the next section.

Problems
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Notes on Quantum Field Theory Mark Srednicki

63: The Vertex Function in Quantum Electrodynamics

Prerequisite: 62

In the last section, we computed the one-loop contribution to the ver-
tex function V#(p',p) in quantum electrodynamics, where p is the four-
momentum of an incoming electron (or outgoing positron), and p’ is the
four-momentum of an outgoing electron (or incoming positron). We left open
the issue of the renormalization condition we wish to impose on V#(p', p).

For the theories we have studied previously, we have usually made the
mathematically convenient (but physically obscure) choice to define the cou-
pling constant as the value of the vertex function when all external four-
momenta are set to zero. However, in the case of quantum electrodynamics,
the masslessness of the photon gives us the opportunity to do something more
physically meaningful: we can define the coupling constant as the value of
the vertex function when all three particles are on shell: p? = p'? = —m?, and
¢*> = 0, where ¢ = p’ — p is the photon four-momentum. Because the photon
is massless, these three on-shell conditions are compatible with momentum
conservation.

Of course, the vertex function V¥(p', p) is a four-vector of 4 x4 matrices, so
we are speaking schematically when we talk of its value. To be more precise,
let us sandwich V#(p', p) between the spinor factors that are appropriate
for an incoming electron with momentum p and an outgoing electron with
momentum p’, impose the on-shell conditions, and define the electron charge
e via

ﬂs’(p/>vu(p/7p>us(p> P2=p/2= 2 = CUy (p/>7“us(p) (239)
(»' —p)2=0 (»'—p)2=0

This definition is in accord with the usual one provided by Coulomb’s

law. To see why, consider the process of electron-electron scattering, com-

puted with the exact propagators and vertices of the quantum action. The
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contributing Feynman diagrams are the usual ones at tree-level, shown in
fig. (7?), but with each vertex representing the exact vertex fuction V#(p', p),
and the wavy internal line representing the exact photon propagator AW(q).
(There is also a contribution, not shown, from a four-point vertex connecting
all four lines, but this vertex does not have the 1/¢* from the photon propa-
gator, and so does not contribute to the Coulomb force.) In the last section,
we renormalized the photon propagator so that it approaches its tree-level
value A, (¢) when ¢ — 0. And we have just chosen to renormalize the ver-
tex function by requiring it to approach its tree-level value when ¢ — 0, and
when sandwiched between external spinors for on-shell incoming and outgo-
ing electrons. Therefore, as ¢> — 0, the exact electron-electron scattering
amplitude approaches what we get from the tree diagrams, with the electron
charge equal to e. Physically, ¢> — 0 means that the electron’s momentum
changes very little during the scattering. Measuring a slight deflection in the
trajectory of one charged particle (due to the presence of another) is how
we measure the coefficient in Coulomb’s law. Thus, eq. (239) corresponds to
this traditional definition of the charge of the electron.

We can simplify eq. (239) by noting that the on-shell conditions actually
enforce p’ = p. So we can rewrite eq. (239) as

s (p) V" (p,p)us(p) = eTs(p)v"us(p)
= 2ep", (240)

where p?> = —m? is implicit. We have taken s’ = s, because otherwise the

right-hand side vanishes (and hence does not specify a value for e).
Now we can use eq. (240) to completely determine V#(p’,p). Using the
freedom to choose the finite part of Z;, we first write it as
o

Vi, p) = eyt — 1(;2 /ng,l(ln(D/Do) + Iil)”)/‘u — ;VD] +0(e%), (241)

where

D = z(1—2)p* 4+ 29(1—29)p® — 2z129p-p’
+ (z1422)m? + 1322, (242)
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Dy is D evaluated at p’ = p and p? = —m?,

D() = (a:1+:):2)2m2 + 1’3)\2
= (1—23)*m? + 13\? (243)
and
N = [ — (1=a2)" + my"[—(1=a1)p + 22p'm]y" ; (244)

N* was called N* in section 62, but we have dropped the tilde for notational
convenience.
We fix the constant x; in eq. (241) by imposing eq. (240). This yields

us(p) Nous(P)

2 ph = / i, T T (245)
where N}’ is N* with p’ = p and p? = p'? = —m?.
So now we must evaluate wN§'u. To do so, we first write
N¥ =, (g +m)y* (dy+m)y"” (246)
where
ap = xp— (1=z2)p",
as = xop — (1—z1)p . (247)
Now we use the gamma matrix contraction identities to get
N# =24, ¢, + dm(ai+az)* + 2m>y* . (248)

Here we have set d = 4, because we have already removed the divergence and
taken the limit ¢ — 0. Setting p’ = p, and using pu = —mu and up = —mu,
along with wy*u = 2p* and wu = 2m, and recalling that 4425 = 1, we
find

TNYu = 4(1—4zs+a2)m?p" . (249)
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Using eqs. (243), (245), and (249), we get

1—4z3+x3
= dF
& / 3 (1—1’3)2 + 1’3)\2/7712

1 1—4zs3+22
= 2 [ day(1- 3
0 v (1-25) (1—23)% + 2372 /m?

= —Aln(m/N) +5 (250)

in the limit of A — 0. We see that an infrared regulator is necessary for the
vertex function as well as the fermion propagator.

Now that we have V#(p',p), we can extract some physics from it. Con-
sider again the process of electron-electron scattering, shown in fig. (??). In
order to compute the contributions of these diagrams, we must evaluate

w' VFu =1y (p)VH(P', p)us(p) , (251)

with p? = —p? = —m?, but with ¢*> = (p/ — p)? arbitrary.

To evaluate uw' N*u, we first use the anticommutation relations of the
gamma matrices to move all the §’s in N* to the far right, where we can use
pu = —mu, and all the p"’s to the far left, where we can use u'p’ = —mu’.

This results in
Nt — 41—z —zo+2120)p-p + 2(221 —23+219— 23 )m?|y*
+ dm (a7 —zo+x129)p" + Am(25—21+2132)p" (252)

Next, replace p-p’ with —%q2—m2, group the p#* and p'# terms into p’ + p
and p’ — p combinations, and make use of x1+xs+x3 = 1 to simplify some
coefficients. The result is

Nt — 2[(1—2x3—23)m? — (23+2172) %"
— 2m(xz—a3)(p' +p)*

—2m[(x1+22) — (zota3)| () — p)* . (253)
In the denominator, set p* = p”> = —m? and p-p’ = —3¢*—m? to get
D — 21294 + (1—23)?m? + 2372 . (254)
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Now we note that the right-hand side of eq. (254) is symmetric under z; < xs.
Thus the last line of eq. (253) will vanish when we integrate @’ N#u/D over
the Feynman parameters. Finally, we use the Gordon identity from section
38,

a'(p' + p)fu = ' [2my* + 2iS5"q, u (255)

where S* = 4[y# 4"], to get
Nt — 2[(1—4as+a3)m? — (x3+2122) %"
— dim(z3—13)S"q, . (256)
So now we have
Ty (P)VA (P, p)us(p) = €' [Fi(g*)7" + 15 Fal®)S" a0 u (257)

where we have defined the form factors

€2 1296/ m” 1—4xs+a2
Pl = 1 /dF In{1 y
1(q ) 1672 3 [ 1'l< -+ (1_1,3)2 + (1—:(,’3)2 —|—Slf3>\2/m2
(x3+f1$22)q2/m2 _ (1—4x3+x§) I 0(64) : (258)
T122¢%/m? + (1=23)* + 23A%/m?
62 1’3—1'2
R = / dF ° bk 2
2(q ) 372 3 :clscng/m2 n (1—$3)2 + O(e ) ( 59)

We have set A = 0 in eq. (259), and in the logarithm term in eq. (258), because
these terms do not suffer from infrared divergences.

We can simplify F5(g?) by using the delta function in dFs to do the
integral over xs (which replaces xs with 1—z3—x;), making the change of
variable x; = y(1—x3), and performing the integral over x3 from zero to one;

the result is
2

PAP) = 5 | T + 0 (260)

This last integral can also be done in closed form, but we will be mostly

interested in its value at ¢?> = 0, corresponding to an on-shell photon:
F3(0) = 5=+ 0(a?) , (261)
where a = /4w = 1/137.036 is the fine-structure constant. We will explore

the physical consequences of eq. (261) in the next section.
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Problems
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Notes on Quantum Field Theory Mark Srednicki

64: The Magnetic Moment of the Electron

Prerequisite: 63

In the last section, we computed the one-loop contribution to the ver-
tex function V#(p/,p) in quantum electrodynamics, where p is the four-
momentum of an incoming electron, and p’ is the four-momentum of an
outgoing electron. We found

Ty (p)V (0, p)us(p) = ' [F ()" + 75 Fa(a*) 5" a |u (262)

where g = p’ — p is the four-momentum of the photon (treated as incoming),
and with complicated expressions for the form factors Fy(¢?) and Fy(q*). For
our purposes in this section, all we will need to know is that

Fi(0) = 1 exactly,

F3(0) = - +0(a?). (263)

Eq. (262) corresponds to terms in the quantum action of the form

r= / d'r [eR(0)TAY + oL B(0)F, TS W +.. ], (264)
where the ellipses stand for terms with more derivatives. Applied to I, the
usual procedure for extracting the Feynman rules from an action yield a
vertex factor that corresponds to eq. (262) with ¢ = 0. To see this, recall
that an incoming photon translates into a factor of A, ~ 526““, and therefore
of F,, ~ i(quej—q,,EZ)eiqx; the two terms in F),, cancel the extra factor of
one half in the second term in eq. (264).

Now we will see what eq. (264) predicts for the magnetic moment of the
electron. We define the magnetic moment by the following procedure. We
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take the photon field A" be a classical field that corresponds to a constant
magnetic field in the z direction: A° = 0 and A = (0, Bz,0); this yields
Fy = —F = B, with all other components of F},, vanishing. Then we
define a normalized state of an electron at rest, with spin up along the z
axis:

= [ dp £ (P} (p)]0) (265)

where the wave packet is rotationally invariant (so that there is no orbital
angular momentum) and sharply peaked at p = 0, something like

f(p) ~ exp(—a’p®/2) (266)

with @ < 1/m. We normalize the wave packet by [dp|f(p)|? = 1; then we
have (e|e) = 1.

Now we define the interaction hamiltonian as what we get from the two
displayed terms in eq. (264), using our specified field A*, and with the form-
factor values of eq. (263):

H, = —¢B / BT 09?4+ 525120 (267)
Then the electron’s magnetic moment y is specified by
uB = —(e|Hle) . (268)

Eq. (268) is the standard definition of the magnetic moment of a normalized
quantum state with angular momentum in the positive z direction.

Now we turn to the computation. We need to evaluate (e|¥,(z)¥s(x)|e).
Using the usual plane-wave expansions, we have

(01b(p) T () W5 ()b (P)|0) = T (P )t (p)g €77 (269)
Thus we get
(elthle) = —eB [ dpdy d' v

x (0 ()| 47 + 525" uy (p) f(P) - (270)

We can write the factor of z as —id,, acting on e!®?)% and integrate by parts
to put this derivative onto u, (p)f(p); the wave packets kill any surface terms.
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Then we can complete the integral over d°z to get a factor of (27)35(p’ —p),
and do the integral over dp’. The result is

(e|H|e) = —eB / D)0, + 525 ]ur(p) (). (271)

Suppose the 0,, acts on f(p). Since f(p) is rotationally invariant, the result
is odd in p;. We then use 7, (p)y'u,(p) = 2p' to conclude that this term is
odd in both p; and po, and hence integrates to zero.

The remaining contribution from the first term has the 0,, acting on
uy(p). Recall from section 38 that

us(p) = exp(in p-K)us(0) , (272)

where K7 = 57° = 2474 is the boost matrix, p is a unit vector in the p
direction, and 1 = sinh™'(|p|/m) is the rapidity. Since the wave packet is
sharply peaked at p = 0, we can expand eq. (272) to linear order in p, take
the derivative with respect to p;, and then set p = 0; the result is

Opur @), = K us(0)
= 517 (0)
= — 5L (0), (273)
where we used 7%u,(0) = u,(0) to get the last line. Then we have
H+(p)i728p1U+(p)\p:0 = 7;(0)5 9% us (0)
= & 7.(0)5"u.(0) (274)

Plugging this into eq. (271) yields

i) = =B [ L1 (14 £) F 0570 0).
- 26—752(1 -7, (0)5™u,(0) (275)
Next we use S?uy(0) = £2us(0) and T (0)us(0) = 2m to get
(e|Hle) = — %(1 +4). (276)



Comparing with eq. (268), we see that the magnetic moment of the electron
is

1 eB
H=9g 2 9m (277)
where eB/2m is the Bohr magneton, the extra factor of 1/2 is for the elec-
tron’s spin (a classical spinning ball of charge would have a magnetic mo-
ment equal to the Bohr magneton times its angular momemtum), and g is

the Landé g factor, given by
g=2(1+4+0(?) . (278)

Since g can be measured to high precision, calculations of y provide a strin-
gent test of quantum electrodynamics. Corrections up through the a* term
have been computed; the result is currently in good agreement with experi-
ment.

Problems
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